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ABSTRACT: In this paper we de.ne and study another various generalizations
of fuzzy continuous functions by using the concept of generalized fuzzy semi
closed sets. A comparative study regarding the mutual inter-relations among
these functions along with those functions obtained in [4] is made. Finally,
we have introduced and studied the notions of gfsconnectedness, gfs-
extremally disconnectedness and gfs-compactness.
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1. INTRODUCTION

Fuzzy topological space (in short, fts) and fuzzy continuity in fts’s were introduced
by Chang [5] early in 1968. In 1981, Azad [1] introduced and studied the concept of
fuzzy semi open sets which is weaker than fuzzy open sets and used it to define
fuzzy semi continuity in fts’s. Recently, using the concept of generalized fuzzy closed
sets, Balasubramanian and Sundaram [4] have introduced certain types of near-fuzzy
continuous functions between fuzzy topological spaces, i.e., generalized fuzzy
continuous, fuzzy gc-irresolute, strongly gf-continuous and perfectly gf-continuous
functions etc. They also introduced the notions of gf-connectedness, gf-extremally
disconnectedness and gf-compactness and studied properties of those notions under
above-mentioned functions.

In this paper, we study another generalizations of fuzzy continuous functions
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and their applications. Section 2 is devoted to generalized fuzzy semi closed sets and
study their properties. In Section 3 we introduce generalized fuzzy semi continuous
functions and their properties by using generalized fuzzy semi closure gs-Cl. In
Section 4 we introduce fuzzy gsc-irresolute. functions and study their properties,
whereas in Section 5 we introduce and study strongly gfs-continuous and perfectly
gfs-continuous functions and investigate inter-relations among these functions and
those functions de.ned in [3]. In Sections 6 and 7, using the concept of generalized
fuzzy semi closed (open) set, we introduce and study the notions of gfs-connectedness,
gfs-extremally disconnectedness and gfs-compactness, respectively.

2. GENERALIZED FUZZY SEMI CLOSED SETS IN
FUZZY TOPOLOGY

Definition 2.1 A fuzzy set A in a fts X is said to be

(i) generalized fuzzy closed [4] (in short, gf-closed) if CI(A) < U whenever A <U
U and U is fuzzy open,

(i1) fuzzy semi-closed [1] (in short, fs-closed) if A > Int(Cl(A)).

Definition 2.2 A fuzzy set A in a fts X is called generalized fuzzy semi-closed (in
short, gfs-closed) if sCl(A) < U whenever A < U and U is fuzzy open. A fuzzy set A
is called generalized fuzzy semi-open (in short, gfs-open) if its complement 1 —A is
gfs-closed.

From De.nitions 2.1 and 2.2, we obtain the following diagram:

gf-closed
S
fuzzy closed gfs-closed
A

S
Jfs-closed

The reverse implications need not be true as seen in the following examples.
Also, Example 2.4 shows that fs-closed (resp. fs-open) and gs-closed (resp. gfs-
open) sets are independent each other.

Example 2.3Let X ={q, b}andt={0,,1,A,A,A AA,A VAL, where A (a)
=1,A,(b)=0.2;A(a) =0.3, A,(b) =0.7. Define fuzzy sets A, as follows: A (a) =0.5
and A (b) = 0.7. Then we have A3 is a gfs-closed set but not gf-closed in (X, 7).
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Example 2.4 Let (X, 1) be a fts given in Example 2.3. Define fuzzy sets A, and
A, in X as follow: A,(a) =0.5, A,(b) =0.7;A,(a) =0, A (b) = 1. Then we have A, is fs-
closed set but not gf-closed in (X, 1) and A, is a gf-closed set but not fs-closed in
X 7).

In general, the intersection and union of two gfs-closed (resp. gfs-open) sets are
not gfs-closed (resp. gfs-open) as following examples show.

Example 2.5 Let X ={a, b, c} andt={0, 1, A }, where A (a) =1, A (b) =0,
A (c) =0. Define fuzzy sets A, and A, in X as follows: A (a) =1, A,(b) =1, A,(c) =0;
A (@)=1,A,(b)=0,A,(c)=1.Then we have A, and A are gfs-closed setsbut A, A A,
is not gfs-closed in (X, 1).

Example 2.6 Let X = {q, b},t={0,,1,A,A, A ANA,A VA }, where A (a) =
1, A (D)=0.2;A(a)=0.3, A,(b) = 0.7. Define fuzzy sets A, and A, in X as follows:
A (@) =0.2, A (D) =0.5; A (a) =0.7, A, (D) = 0.3. Then we have A, and A, are gfs-
closed sets but A, v A, is not gfs-closed in (X, 7).

Theorem 2.7 A fuzzy set A in X is gfs-open if and only if F < sInt(A) whenever F
is fuzzy closed setin X and F < A.

Proof Let A be a gfs-open set in X and F be a fuzzy closed set such that F <A.
Then 1 — F'is fuzzy openand 1 —A <1 —F. Since 1 — A is gfs-closed, 1 — sInt(A) =
sCI(1 — A) £ 1 - F which implies F < sInt(A).

Conversely, Suppose that A is a fuzzy set such that F < sInt(A) whenever F'is a
fuzzy closed set and F < A. We want to show that 1 — A is a gfs-closed set. So, let 1—
A < U where U is fuzzy open. Then since 1 —A < U, 1 — U < A. By assumption we
have 1 — U <sInt(A), i.e. 1 —sInt(A) < U. Hence sCI (1 —A) < U, which implies that
1 — A is a gfs-closed set.

Theorem 2.8 Let A, B be fuzzy sets in a fts X. Then the following hold:

(1) IfAis gfs-closed in X and A < B < sCI(A), then B is gfs-closed.
(i) If A is gfs-open in X and sInt(A) < B <A, then B is gfs-open.

Proof (i): Let U be fuzzy open in X and B < U. Since A < B < U and A is gfs
closed, sCI(A) < U. But sCI(B) <sCl(A) since sCI(B) < sCl(sCl(A)) = sCI(A) and thus
sCI(B) < U. Hence B is gfs-closed.
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(i1): It follows from (i) and Theorem 2.7.
Definition 2.9 A function f: X — Y is said to be

(i) fuzzy continuous [5] (in short, f~continuous) if the inverse image of every
fuzzy closed set in Y is fuzzy closed in X,

(i1) strongly fuzzy semi closed (in short, strongly fs-closed) if the image of every
fs-closed setin X is fuzzy closed in Y.

Theorem 2.10 If A is a gfs-closed set in X and if f : X — Y is f-continuous and
strongly fs-closed, then f(A) is gfs-closed in Y .

Proof Let B be a fuzzy open set in Y such that f{fA) < B. Then A <f!(B). Since A
is gfs-closed and f'(B) is fuzzy open, sCI(A) <f!(B), i.e. f(sCIl(A)) < B. Also since f
is strongly fs-closed, f(sCl(A)) is fs-closed and thus sCI(f{A)) < B. Hence f(A) is gfs-
closed.

However, under strongly fs-closed and f-continuous function, the image of gfs-
open set need not be gfs-open.

Example 2.11 Let X = {a}, Y={a, b, ¢}, t,={0,, 1,, A} andt,={0,, 1,, B, B,}
where A, B, and B, are fuzzy sets in X (and y) defined by A(a) =0.5; B (@) = 1, B (b) =
0.5, B/(c)=1and B,(a) =1, B,(b) =0, B (c) = 1. Define a function f: (X, 7,) - (¥, 1,)
by fla) = b. Clearly, fis f~continuous and strongly fuzzy semi-closed. Now we shall
show that image of gfs-open set is not gf-open. Consider a fuzzy set A, in X defined by
A (a)=0.8.Then A is gfs-openin (X, t,) but f{A ) is not gfs-open in (¥, t,).

3. GENERALIZED FUZZY SEMI-CONTINUOUS
FUNCTIONS AND THEIR PROPERTIES

Definition 3.1 [4] A function f: X — Y is called generalized fuzzy continuous (in
short, gf-continuous) if the inverse image of every fuzzy closed set in Y is gf-closed
in X.

Definition 3.2 A function f: X — Yis called generalized fuzzy semi-continuous
(in short, gfs-continuous) if the inverse image of every fuzzy closed set in Y is gfs-
closed in X.
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Every f-continuous function is gf-continuous and every gf-continuous function
is gfscontinuous. However, the converses are not true as Example 3.3 in [4] and the
following example show.

Example 3.3 Let X={a, b, c¢},t,={0,, 1,,A }andt,={0,, 1,, A }, where A (a)
=0.4,A(0)=0.7,A(c)=0.3;A,(a)=0.7, A,(b) =0.7, A (c) =0.8. Let f: (X, T,) >
(X, 7,) be the identity function. Then fis gfs-continuous but not gf-continuous since
f'(1-A)isnot gf-closed in (X, t,) for fuzzy closed set 1 — A in (X, t,).

Theorem 3.4 For a function f: X — Y, the following are equivalent:

(1) fis gfs-continuous.

(i1) The inverse image of each fuzzy open set in Y is gfs-open in X.

To obtain properties of gfs-continuity, using gfs-closed sets, we introduce the
notion of generalized fuzzy semi closure operator gs-Cl. So, we define the gs-CI(A)
for any fuzzy set A in a fts X as follows:

gs-Cl(A) =\ {B | A <B and B is gfs-closed}.

Theorem 3.5 If f: X — Y is gfs-continuous, then f(gs-CI(A)) < CI(f(A)) for any
fuzzy set A in X.

Proof Let A be any fuzzy set in X. Then A <f' (f(A)) <f'(CI(A)). Since f'is gfs
continuous, gs-CI(A) <f'(CI(A)) and hence f(gs-Cl(A)) < CI(f(A)).

The converse of Theorem 3.5 need not be true as seen from the following example.

Example3.6 Let X ={q, b, c},1 ={0,,1,,A }andt,={0, 1 ,A } where A and
A, are fuzzy sets in X defined by A (@) =1, A (D) =A (c)=0;A,(a) =A,(b) =1, A(c)
= 1. Consider a function f: (X, 1)) — (X, t,) defined by fla) = ¢, f(b) = b, f(c) = a.
Then for fuzzy set A , f(gs-CI(A))) < CI(f(A))), but fis not gfs-continuous. (Since 1 —
A, is a fuzzy closed in (X, 1)) but f'(1 — A)) is not gfs-closed in (X, t,)).

Definition 3.7 [4] A fts X is called fuzzy T , if every gf-closed setin X is fuzzy
closed.

Theorem 3.8 Let f: X — Y be gfs-continuous and g : Y — Z be gf-continuous. If

Yis fuzzy T, ,, then the composition g o f: X — Z is gfs-continuous.

172
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In Theorem 3.8, the condition that Y is a fuzzy T, space can not be omitted as
shown in our next example.

Example 3.9 Let X={q, b, c},t,={0,1,A },7,={0,,1,,A, A }and1,= {0,
1,A,} where A, A, A, and A, are fuzzy sets in X defined as follows:
A@=1,AMb)=1,A()=0; A(@=0,A(b)=1A)=1,
A(a)=1,A,b)=0,A(c0)=0; A(a)=1,A,(b)=0,A,(c)=1.
Letf: (X, 1) > (X, 1,) be a function defined by f(a) = f(c) = ¢, f(b) =b and g :
(X, 1,) > (X, 1,) be the identity. Then f and g are gfs-continuous but g o f'is not gfs-

continuous; for 1 - A, is fuzzy closed in (X, t,), f "(g'(1-A ) is not gfs-closed in (X,
1,). Further (X, 1,) isnot fuzzy T' .

Theorem 3.10 Iff : X — Y is gfs-continuous and g : Y — Z is fuzzy continuous,
then the composition g o f: X — Z is gfs-continuous.

The following example shows that the composition of any two gfs-continuous
functions need not be gfs-continuous.

Example 3.11 Let X={q, b, c},7,={0, 1,A },7,={0,, 1, A,} and 1, ={0,,
1,A,} where A, A and A, are fuzzy sets in X defined as follows:
A(a)=0.7,A(b)=0.6, A (c)=0.7,
A(a)=0.2,A(b)=0.2,A,(c)=0.2;
A(a)=0.3,A,(b)=0.4,A,(c)=0.3.
Letf: (X, 1) = (X, 1,) be afunction defined by f(a) = f(b) =f(c)=band g : (X, 1)) >
(X, 1,) be the identity function. Then f'and g are gfs-continuous but g o f'is not gfs

continuous; for 1 — A, is fuzzy closed in (X, t,), ' (g”' (1-A))) is not gfs-closed in
(X, 7). Hence g o fis not gfs-continuous.

4. FUZZY GSC-IRRESOLUTE FUNCTIONS AND
THEIR PROPERTIES

Definition 4.1 [3] A function f: X — Y is called fuzzy gc-irresolute if the inverse
image of every gf-closed set in Y is gf-closed in X.
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Definition 4.2 A function f: X — Y is called fuzzy gsc-irresolute if the inverse
image of every gfs-closed set in Y is gfs-closed in X.

Every fuzzy gsc-irresolute function is gfs-continuous but the converse is not true
(see Example 4.3).

Example 4.3 Let X = {a, b, ¢}, 1, ={0,, 1,, A, A, A}andt,={0, 1, A },
where A, A, and A, are fuzzy sets in X defined as follows:

A@=1, A(b)=0, A(c)=0;
Aa)=0, Ab)=0, Afc)=1;
Af@)=1, Ab)=0, Ac)=1.

Letf: (X, t,) > (X, 1,) be the function defined by f(a) = a, f(b) = b, f(c) = a. Then f
is gfs-continuous but not fuzzy gsc-irresolute; for a fuzzy set A, is gfs-closed in
(X, 1,), but f'(A,) = A, is not gfs-closed in (X, 7).

The following Examples 4.4 and 4.5 show that fuzzy gc-irresolute function and
fuzzy gsc-irresolute function are, in general, independent.

Exampled4.4 Let X={a, b, c},t,={0,,1,,A,A, A, }andt,={0,, 1, A } where
A, A and A, are fuzzy sets in X defined as follows:

A@=1, A(b)=02 A()=02;
Afa)=0.5 Ab)=03, A(c)=0.5;
Aa)=0.5 Ab)=07, A(c)=0.5.

Letf: (X, t) = (X, 1,) be the identity function. Then fis fuzzy gc-irresolute but not
fuzzy gsc-irresolute; for a fuzzy set A is gfs-closed in (X, t,), but ' (A,) = A, is not
gfs-closed in (X, t)). Hence fis fuzzy gc-irresolute but not fuzzy gsc-irresolute.

Example 4.5 In Example 3.2, fis fuzzy gsc-irresolute but not fuzzy gc-irresolute.
The following are the properties of fuzzy gsc-irresolute functions.
Theorem 4.6 Let f: (X, t) = (Y, ©) be a function.

(1) The following statements are equivalent;

(a) fisfuzzy gsc-irresolute.



96 Jin Han Park & Jin Keun Park

(b) The inverse image of every gfs-open set in Y is gfs-open in X.

(1) Iff: (X, 1) > (Y, o) is fuzzy gsc-irresolute, then f(gs-Cl(A)) < gs-CI(f(A)) for all
Ain X.

Proof It is similar to that of Theorems 3.4 and 3.5.
Theorem 4.7 Let f: X — Y and g : Y — Z be functions.

(1) Iffand g are fuzzy gsc-irresolute, then the composition g o fis fuzzy gsc-

irresolute.

(1) If f is fuzzy gsc-irresolute and g is gfs-continuous, then the composition
g o fis gfscontinuous.

5. STRONGLY GFS-CONTINUOUS AND PERFECTLY
GFS-CONTINUOUS FUNCTIONS

Definition 5.1 [4] A function f: X — Y is called perfectly fuzzy continuous if the
inverse image of every fuzzy open set in Y is both fuzzy open and fuzzy closed in X.

Definition 5.2 [4]A function f: X — Y is called strongly gf-continuous if the
inverse image of every gf-open set in Y is fuzzy open in X.

Definition 5.3 [4] A function f: X — Y is called perfectly gf-continuous if the
inverse image of every gf-open set in Y is both fuzzy open and fuzzy closed in X.

Definition 5.4 A function f: X — Y is called strongly gfs-continuous if the
inverse image of every gfs-open set in Y is fuzzy open in X.

Definition 5.5 A function f: X — Y is called perfectly gfs-continuous if the
inverse image of every gfs-open set in Y is both fuzzy open and fuzzy closed in X.

Theorem 5.6 Strong gfs-continuity = strong gf-continuity = fuzzy continuity.

The converses of Theorem 5.6 are not true as Example 5.7 in [4] and the following
example show.

Example 5.7 Let X = {q, b}, 1, ={0,1,,A,A, A, A }and1,={0,1,A, A}
where A,ALA A, A, and A o are fuzzy sets in X defined by

0<A(@)<1,0<A (b)<0.4;,0<A(a)<0.4,0<A(b) < 1;A,(a) = A,(b) =0.2;
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Aa)=0.7, A (b)=0;A(a)= A (b)=0.7; A (a) = A (b) = 0.2.

Letf: (X, 1) = (X, t,) be the identity function. Then f'is strongly gf-continuous
but not strongly gfs-continuous.

Theorem 5.8 A function f: X — Y is strongly gfs-continuous if and only if the
inverse image of every gfs-closed set in Y is fuzzy closed in X.

Theorem 5.9 Letf: X —> Y, g: Y — Z be functions. If fis strongly gfs-continuous
and g is gfs-continuous, then g o f is fuzzy continuous.

Theorem 5.10 Perfect gfs-continuity = perfect gf-continuity, and perfect gfs-
continuity = strong gfs-continuity.

The converses of Theorem 5.10 are not true.

Example 5.11 Let X = {q, b}, t,={0,, 1,,A,A }and1,={0,1,A, A, A, A
A,A,vA,} where A, A, A, and A, are fuzzy sets in X defined by

0<A(@)<1,0<A(b)<03;0<A(@)<1,07<AB)<I;
Afa)=1,Ab)=0.2;A(a)=0.3, A (b)=0.7.

Letf: (X, 1,) = (X, t,) be the identity function. Then fis perfectly gf-continuous
but not perfectly gfs-continuous.(For fuzzy set B in X given by B(a) = 0.5, B(b) =
0.4, it is gfs-open in (X, t,), but '(B) is neither fuzzy open nor fuzzy closed set in
X, 7))

Example 5.12 Let X = {q, b} and 1, = {0,, 1, A } where A  is a fuzzy set in X
defined by 0 <A (@) <172, 0 <A (b) < 1. Letf: (X, 1) — (X, 1,) be the identity
function. Then f'is strongly gfs-continuous but not perfectly gfs-continuous. (For
fuzzy set B in X given by B(a) = 0.1, B(b) = 0.1, itis gfs-open in (X, t,), but f'(B) is
fuzzy open but not fuzzy closed in (X, t,)).

Theorem 5.13 A function f: X — Y is perfectly gfs-continuous if and only if the
inverse image of gfs-closed set in Y is both fuzzy open and fuzzy closed in X.

Regarding the results above-mentioned so far, we have the table of implications
as shown in Table.
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Table

U
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e e e T e T e T S S O =
- = O O O O O O O O
- o O O O O o o o o ~.

—

Inabove table, a, b, ¢, d, e, f, g, h, i, and j denote fuzzy continuity, gf-continuity,
gfs-continuity, fuzzy gc-irresolute, fuzzy gsc-irresolute, perfect fuzzy continuity,
strong gf-continuity, perfect gf-continuity, strong gfs-continuity and perfect gfs-
continuity, respectively. Also 1 denotes ‘implies’ and O denotes ‘does not imply’.

6. GFS-CONNECTEDNESS AND THEIR PROPERTIES

Definition 6.1 [4] A fts X is said to be fg-connected if the only fuzzy sets which are
both gf-open and gf-closed are 0, and 1,.

Definition 6.2 A fts X is said to be generalized fuzzy semi connected (in short,
gfs-connected) if the only fuzzy sets which are both gfs-open and gfs-closed are 0X
and 1X.

Theorem 6.3 Every gfs-connected space is fg-connected and every fg-connected
space is fuzzy connected [6].

Proof. It is proved in [4, Theorem 7.2] that every fg-connected space is fuzzy
connected. So we proved that every gfs-connected space is fg-connected. Let X be a
gfs-connected space and suppose that X is not fg-connected. Then there exists a
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proper fuzzy set A (A #0,, A = 1) such that A is both gf-open and gf-closed. Since
gf-open set is gfs-open, X is not gfs-connected-a contradiction.

However, the converses are not true as Example 7.3 in [4] and the following
example show.

Example 6.4 Let X = {q, b} andt={0, 1, A, A } where A and A, are fuzzy
setsin X defined by 0<A (@) <1, A (b)) =0;0.8<A (@) <1, A (D) =0.3. Then (X, 1)
is fg-connected but not gfs-connected; For any fuzzy set B in X, B is gfs-open and
gfs-closed in (X, t). Hence (X, 1) is not gfs-connected.

Theorem 6.5 If f: X — Y is gfs-continuous surjection and X is gfs-connected,
then Y is fuzzy connected.

Theorem 6.6 Iff: X — Y is fuzzy gsc-irresolute surjection and X is gfs-connected,
then Y is gfs-connected.

Theorem 6.7 If f: X — Y is strongly gfs-continuous surjection and X is fuzzy
connected, then Y is gfs-connected.

Theorem 6.8 A fts X is gfs-connected if and only if it has no non-zero proper
gfs-open sets A and B such that A + B = 1.

Corollary 6.9 A fts X is gfs-connected if and only if it has no non-zero proper
gfs-open sets A and B such that A + B =1, CI(A) + B=A+CI(B) = 1.

7. GFS-EXTREMALLY DISCONNECTEDNESS AND
GFS-COMPACTNESS

Definition 7.1 A fts X is said to be generalized fuzzy semi extremally disconnected
(in short, gfs-extremally disconnected) if gs-CI(A) is gfs-open, whenever A is gfs-
open.

Theorem 7.2 Let X be a gfs-extremally disconnected space. Then the following
statements are hold
(1) For each gfs-closed set A, gs-Int(A) is gfs-closed.
(i1) For each gfs-open set A, gs-Cl(A) + gs-Cl (1 — gs-Cl(A)) = 1.
(i) For each pair of gfs-open set A, B with gs-Cl(A) + B =1, gs-CI(A) + gs-Cl(B) = 1.
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Proof (i) Let A be any gfs-closed set. Then 1 — A is gfs-open and so by the
hypothesis, gs-CI(1 —A) =1 — gs-Int(A) is gfs-open, which implies that gs-Int(A) is
gfs-closed.

(i1) Let A is a gfs-open set. Since 1 — gs-CI(A) = gs-Int(1 — A), we have

g5-Cl(A) + gs-CI(1 — gs-Cl(A)) = gs — CI(A) + gs-Cl(gs-Int(1 — A)).
Since A is gfs-open, 1 — A is gfs-closed and so by (i) gs-Int(1 — A) is gfs-closed, i.e.
gs-Cl(gs-Int(1 — A)) = gs-Int(1 — A). Thus, we get
gs-Cl(A) + gs-Cl(1-gs-ClI(A)) = gs-CI(A) + gs-Int(1-A) = gs-CI(A) + 1-gs-CI(A) = 1.

(ii1) Let A and B be any gfs-open sets such that gs-CIl(A) + B = 1. Then by (ii) we
have

gs-Cl(A) + gs-ClI(1. gs-Cl(A)) =1 = gs-CI(A) + B.

This implies that B = gs-CI(1 — gs-Cl(A)). But from hypothesis B = 1 — gs-CI(A)
and thus gs-CI(B) = gs-Cl(1-gs-Cl(A)). Hence B = gs-CI(B), and consequently
gs-Cl(A)+gs-CI(B) = 1.

Definition 7.3 A collection {A, }, _ of gfs-open setsin X is called gfs-open cover

of afuzzysetBinXif BV, _A..

Definition 7.4 A fts X is called gfs-compact if every gfs-open cover of X has a
finite subcover.

Definition 7.5 A fuzzy set B in X is said to be gfs-compact relative to X (which
we shall call a gfs-compact set) if for every collection {A, }, _ of gfs-open sets of X

such that B < V. LA, there exists a finite subset AO of A such that B < Vi oA

Theorem 7.6 Let X be a gfs-compact fts and A be a gfs-closed set in X. Then A is
a gfs-compact set.

Theorem 7.7 (i) If f: X — Y is gfs-continuous and X is gfs-compact, then f(X) is
a fuzzy compact set.

(1) If f: X > Yis fuzzy gsc-irresolute and A is gfs- compact set of X, then f(A) is
a gfs-compact setin Y .

(ii1) If f: X > Y is strongly gfs-continuous and X is fuzzy compact, then f(X) is a
gfs-compact setin Y .
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