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RI'-SUBMODULES IN FUZZY SETTING

ABSTRACT: In this paper we introduce the notion of a fuzzy R I-submodule
and investigate some of its properties. Also, we give the idea of a faithful and
regular fuzzy RI-submodule and establish a relation between the two
properties therein. Further, an existence and uniqueness theorem of a left
(right) quasi-faithful fuzzy ideal of the corresponding I-ring with the help of
an isomorphism defined on its RI-module is obtained. We derive RI-
submodules, which are characterized by some functional equation . The notion
of a R-normal fuzzy RI-submodule is given in the end and we investigate
some related properties.
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1. INTRODUCTION

In 1964, Nobusawa [4] in his premier work on generalization of ring theory developed
the notion of I'-ring which was later termed as I"-ring of Nobusawa. The notion of I"-
rings and RI'-modules was discussed by Ravishankar and Shukhla [7] in 1979. They
investigated the properties of a faithful and regular RI'-module and its annihilator
ideal pertaining to the development of Jacobson-radical for a I'-ring via modules.
Ravisankar et al. [7] also have shown that the Jacobson radical of a I'-ring behaves
in a similar fashion as its corresponding object in rings. Jun and Hong [6] discussed
fuzzy I'-ideals in 1995. They showed that their results in fuzzy sense adhered to the
most generalized version of their counterparts in ordinary ring theory. Banerjee and
Borkotokey [1] introduced the concept of a fuzzy I'-semigroup and discussed its
various properties. In this paper we introduce the notion of a fuzzy RI'-submodule.
We have defined a regular and faithful fuzzy RI'-submodule and discussed its various
characteristics. We have also introduced the notion of a finitely generated fuzzy RI-
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submodule and obtained few existence theorems of faithful fuzzy I'-ideal and faithful
fuzzy RI'-submodule. In the end, the concept of R-normal fuzzy RI'-submodule is
introduced and some related properties are discussed. The process of fuzzyfication
we apply here is more general than that taken up by Jun et al. [6].

2. PRELIMINARIES

In this section we give the needed definitions and results from [1-8], which are used
in this paper.

Definition 2.1 [7]: Let ' = {a, B, y,...} be an additive abelian group. A I'-ring is
an additive group R={x,y,z,...} together with a composition xay in R defined for x,
y in R and o in I satisfying the following conditions:

(i) (x+y)oz =x0z + yoz , x(a+P)y =xay + xBy, Xxa(y+z)=xay + X0z
(i) xo(ypz) = (xay)pz.
Remark 2.2: Through out the paper we assume R to be a I'-ring.

Definition 2.3 [6]: An additive subgroup I of R is called a left (right) ideal of R
if 'R c I (RTIc D).

Definition 2.4 [7] A I'-ring R is simple if RT'R # 0 and the only ideals of R are 0
and R.

Definition 2.5 [7]: Let R be a I'-ring. An additive abelian group M will be called
an RI'-module , if there exists a map ¢ : MXGxR — M satisfying (¢p(m, a, X) is
denoted by max in short)

(1) (m+n)ox = max + nox.
(2) mou(x+y) = mox + may.
(3) mou(xPy) = (mox)Py. for all x, y in R, o, in I" and m,n in M.

Definition 2.6 [7]: A subset N of M is said to be an RI'- submodule of M if N is
itself an RI'-module under the operations of M.

Definition 2.7 [7]: An RI'-module M is said to be simple if MI'R#0 and M has
no proper sub-modules.
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Remark 2.8: Through out the paper we denote M as an RI'-module.
Definition 2.9 [8]: A I'-near ring is a triple (R,+, I'), where
(1) (R,+)is a (not necessarily abelian) group;

(i) T" is a non empty set of binary operations on R such that for each y € T,
(R, +,y)isanearring, i.e (R, y) is asemi group with the right (left) distributive
property.

() xy(ypz)=(xyyuz, foralx,y,ze Randy,p el

Definition 2.10 [8]: Let (G,+) be a group. If, forall X, y € R, y, pel’ and geG, it
holds

1 xygeG(gyxe()

(i) (x+y)vyg=xvg+yve,

(i) xy(ypg=xyyung.

Then G is called an RI'-group.

Definition 2.11 [8]: Let G be an RI'-group, H < G is an RI'-ideal if
(1) (H, +) is anormal subgroup of (G,+ ).

(i) VxeM,yel,heH,geG,xy(g+h)—-xygeH.

Definition 2.12 [8]: An RI'-group homomorphism is a map f: G—=>H , where G
and H are RI'-groups such that fsatisfies the following conditions:

(1) flm +n) =f(m) + f(n).
(2) flmor) = fim)ar, for allm, nin G, cvin " and rin R.
Remark 2.13: We assume through out this paper, that G satisfies both left and

right closure properties,i.e xyg e Gandalsogyx € G,VxeR,yeI,geG.

3. FUZZY RT-SUBMODULES

We assume that every fuzzy set maps into the lattice ([0,1], A,v), where [0,1] is the
set of reals between 0 and 1 and xAy = inf (X,y), Xvy= sup(x,y).
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Definition 3.1: Let p be a fuzzy subset of M, v, a fuzzy subset of I and &, a fuzzy
subset of R. p is said to be a fuzzy RI"™-submodule of M with respect to the pair (v, &)
if the following hold:

(i) p(m-n) 2 p(m) A u(n)
(i) p(mox) > p(m) v v(a) v §(x), for allm,nin M, ain I" and x in R.

We denote the fuzzy RI'-submodule p by the triplet (i, v, &), to distinguish it
from ordinary fuzzy submodules.

Remark 3.2: If u, and p, are two fuzzy RI'- submodules then (p, v, &), N (W, v, 1),
and (u, v, §), + (u, v, &), are also fuzzy RI'-submodules, where

(W,v,8), + (1,Vv,6),(2) = 1, (2) A, (2), (1,V,8), W (,V,E),(2) =1, (2) v 1, (z) and
(Wv,), + (W,v,8),(2) = vin, () Ap, (V) [u,veM,u+v =2z}, vx,ze M.

Definition 3.3: M is said to be simple in the fuzzy sense if every fuzzy RI'-
submodule of M is constant.

Proposition 3.4: If (u, v, ) is a fuzzy RI"™-submodule of M then the level subset
(u, v, &), = ={xeM | L(x) >t} is always an RI'-submodule of M for tin [0,1] called
the level submodule of M, but the converse is not true as it is entirely dependent on
the choice of v and &. Moreover every RI'-submodule of M can be expressed as a
level submodule of M.

Remark 3.5: Proposition 3.4 provides a deviation to the usual correspondence
found trivially between an ordinary fuzzy ideal and its level ideal of the crisp ring.
This correspondence can be established between a fuzzy RI'-submodule p and its
level subset only with a particular choice of (v, &).

Lemma 3.6: Every RI'-submodule of an RI"-module can be expressed as a level
submodule.

Proof: Let N be an RI'-submodule of an RI'-module. For t € [0,1], Define the
fuzzy set p on M as:

p(m) = {tmeN
{0, otherwise. Then p = N.
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Theorem 3.7: An RI'-module M is simple if and only if it is simple in the fuzzy
sense.

Proof: Let M be simple in the fuzzy sense, and (U, v, §) a fuzzy RI'-submodule
of M. Then by definition (u, v, §) is constant. Thus p(x) = a, a constant for all x in M.
Clearly MI'R # 0. From 3.4 we can infer that 0 # p = {xeM | u(x) =a} is an RT-
submodule of M. But then M = .. Since every RI™-submodule of M can be expressed
as a level submodule of M, M has no proper RI"-submodule other than 0. Conversely,
let M be simple. Then M has no proper RI"-submodule. We show that every (U, v, &)
is constant. Suppose (U, v, &) takes at least two distinct values t and s, say t >s. We
have correspondingly two non zero RI'-sub modules (u, v, &), and (p, v, &) such that
(1, v, &), < (1, v, &), which is a contradiction to our hypothesis that M is simple. So
we have t =s.

Definition 3.8: A fuzzy RI'-submodule (u, v, &) is said to be regular if, for all m
in M, there exists e in R and o in I', we have p(m-moe) = p(m).

Definition 3.9: A fuzzy RI"-submodule (p, v, &) is said to be faithful if it satisfies
the following conditions:

(1) For all m in M, there exists e in R and o in I', we have u(mae) = p(m).
(2) w(m-n) = w(m) A u(n), for all m, n in M.
Example 3.10: Let M =Z, = {0,1,2,3,4,5}, the ring of integer modulo 6.
R =7,={0,1,2}, the ring of integer modulo 3.
And I'=7,=1{0,1}, the ring of integer modulo 2.
We define the fuzzy subsets p, v and  of M, I" and R respectively, as follows:
LO)=p@2)=p@=06andp(1)=pn3)=pn(5)=0.5.
v(0) =v(2) =0.4 and v(1)=0.3. {(0) = 0.2 and &(1) = 0.3.
Then (u, v, &) is a faithful fuzzy RG-submodule of M.

Theorem 3.11: A faithful fuzzy RI"™-submodule (y, v, &) is regular. However not
every regular fuzzy RI'-submodule of M is faithful.

Proof: For m in M, there exist e in R and a in I, such that p(mae) = p(m).
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We have p(m-moe) = p(m) A p(maoe) = p(m)) A p(m) = u(m). For the converse
part we present the following counter example.

Example 3.12: Let M = Z, the set of integers, R =I" = E, the set of even integers
and the composition be the usual product of the integers.

Consider the fuzzy subsets :
wm) = {a,, if x is even.
{a,, otherwise for all m in M.

v(a) = (b, ifa>20  &x)={b,ifx>20

0’
{b,, otherwise {b,, otherwise, forall ainT and x in R.

Wherever a >a >b,>b . Itiseasily seen that (u, v, &) is a fuzzy RI'-submodule
of M.

Since : forany min M, avin " and e in R,
Case I If m is even ,then so is (m-mae), so that p(m-mae) = p(m)=a,.
Case IT: If m is odd, then so is (m-mae), so that p(m-moe) = p(m)=a,.

Thus in both the cases (W, v, &) is regular. However for an odd m in M, for each
o in I and e in R, mae is always even so that p(mae) # p(m).

Corollary 3.13: If M is simple, then every fuzzy RI'-submodule of M, being
constant is faithful.

Proposition 3.14: If (u, v, €), and (u, v, £), are regular fuzzy RT-submodules of
Mand also (w, v, &), is faithful, then (u, v, &) N (W, v, &), (L, v, &), U (u, v, ), and
(n, v, i)l + (U, v, &)2 are regular, where M and U are the usual t-norms and co-norms
denoting minimum and maximum respectively.

4. FUZZY ANNIHILATOR, QUASI FAITHFUL IDEAL AND
FINITELY GENERATED RI'-SUBMODULES

Definition 4.1: A fuzzy I'-ideal £ of R is a fuzzy subset of R with respect to the fuzzy
subset y of I" such that

(1) &(ras) 2 &) vy (o) v E(s).
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(2) &(r-s) = &(r) AE(s)., forallr,sinRandainT.

Definition 4.2: A fuzzy I'-ideal &H of R is said to be the fuzzy annihilator ideal of
R with respect to the fuzzy RI'-submodule p of M, if p(al'r) = &H(r), for allain M
andrinR.

Remark 4.3: Let &H be the fuzzy annihilator ideal of R, with respect to (u,y,§). If
(1,y,) is faithful, we have for all a in M, there exists an o in I" and r in R such that
p(aor) = n(a). Moreover, for each ain M, r in R and o in I, p(aar) = &H(r) by
definition 4.2. Thus we can infer that for each a in M, there is a and r in R, such
that p(aar) = p(a) = &H(r). Thus there exists a one to one map 4 : M—R such that
p= iuo h, where the composition &H o h is defined on M as (&H 0 h)(m) = &H (h(m)),
for every m in M. Moreover if h is a surjective homomorphism, then for each s in R,
there is an m in M such that 4(m) = s. Also for this m, there exists a € I',r € R :
p(mor) = p(m) and &H(socr) = iu(h(m)ocr) = iu(h(mocr) = iuoh(mocr) = w(mar)=
u(m) =& (h(m) = & (5). Also & (1-5) = p(ma(r-s)) = p(mar-mas) = p(mar) A p(mos)
= &H(r) A &H(s), for all meM and a € I'. Thus we can define a quasi faithful fuzzy
ideal of R as follows:

Definition 4.4: A fuzzy I'-ideal & of R is said to be fuzzy I'-left(right) quasi
faithful ideal, if

(1) foreach sinR, there exist o in I' & r in R, such that (sar) = £(s). (&(r)).
(2) forrandsinR, &(r-s) = &(r) A &().
Definition 4.5 [7]: A T'-ring R is commutative if sar =ras, for allr, sin R, ain T

Remark 4.6: If R is commutative then every fuzzy right quasi faithful ideal is
also left quasi faithful. Thus we have the following existence theorem:

Proposition 4.7: Every isomorphism #: M—R, R taken as an RI'-module
determines uniquely a left (right) quasi faithful fuzzy ideal of R, with respect to a
faithful fuzzy RI"-submodule of M.

Proof: Let u be a faithful fuzzy RT'-submodule of M. As £ is a surjection for each
r in R there is an m in M, such that 4 (m) = r. We define a fuzzy subset & of R as
follows:
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&(r) = w(m), such that A(m) =r. meM, r €R.

Since p is faithful, for each such m, there exist o in I" and s in R so that p(mas)
= u(m). Then forr eR, I meM: h(m) =r and &(r) = u(m). Moreover ras €R and we
have

€ (ras) = & (h(m)as) = € (h(mas)) = p(mas) = p(m) = &(r).
Also forr, s € R, 3m,neM : h(m) =r, h(n) = s and §(r) = p(m), &(s) = u(n). We
have  (r-s) = € (h(m-n))= w(m-n) = w(m) A u(n)=¢§ (r) A € (s). Hence & is left quasi
faithful.

Definition 4.8: A fuzzy RI"-submodule (L, v, &) of the R[™-module M is said to be
finitely generated if there is a finite set {x, |i € N,0<1<n}, n being a fixed element
of the set N of natural number, of elements of M, such that for every element meM,
Junique o €l"and r,eR, 1 <i<n,

m= 2, Xour, Y w(x)<L and mm)=>. p(x)v(e)E®).
i=1 i=1

i=1

Remark 4.9: Asy (o) <1l and &(r) <1, for all o. <T"and r,.€eR, u(m) < Z nix;)
i=1

n
Therefore, we require the extra condition, namely Z 1(x;)<L in definition 4.8.
i=1

Definition 4.10: Let (u, v, &) be a fuzzy RI'-submodule of M, and y be an RT-
module endomorphism on M. The composition poy is defined on M as (poy)(m) =
p(y(m)) for every m in M.

Proposition 4.11: Let (u, v, &) be a finitely generated fuzzy RI"-submodule of M,
and y be an RI'-module endomorphism on M. Then (powy, v, §) is again a fuzzy RI'-
submodule of M, and p and poy are connected by a functional equation of the form:

poy + A {u x poy} + B u =0, where A and B are some real numbers.

Where p x poy is another fuzzy RI'-submodule of M, defined by
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(1 x poy)(m) = u (m) A poy(m), for all m in M.

Proof: Let for every m in M, there is a finite set {x, | 0 <i<n}, nbeing a finite
natural number, of elements of M, such that 3 unique o €I and r eR, 1<i <n,

m= Z X0 T ’Z 1(x;)=<1, we have p(m) = Z u(x;) (e, )&(r)- Given that y is an
i=1 i=1 i=1

RI-module endomorphism on M . So by the hypothesis 3 unique o, € T, a, eR:
i,j=1,23,...n.

W) = 2 4 1<
i=1
h(y(x) = 2RO Y(e) &), 1< j<n.
i=1
— D {(pow)d; —v(a;) Ea;) p} (x,) =0 ()

i=1
AsM =0, atleast one X, # 0, hence we get a non zero solution for X, from (a) only
when Determinant {{(p o \|/)6U. -y (o) § (aij) pu}=0.
Expanding the determinant, using the facts that
(L x po ) (m) =p (m) A po y(m), for all min M.
(no y) X (o W) = (pnoy)and px p=p.

We obtain the required result as poy + A {px po y}+B pu=0, where A and B
are real numbers.

Lemma 4.12: Let M be a simple RI'-module. Then there exists a unique x in M
such that every m in M can be expressed as m = xar, for o€l and reR.

Proof: We have 0 #xI'R , is an RI'-submodule of M. M being simple, xXI'R = M,
and hence proved the result.

Remark 4.13: Since, M is fuzzy simple i.e every fuzzy RI'-submodule of M is
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constant implies and implied by M is simple, hence by lemma 4.11, there exists a
unique x in M such that every m in M can be expressed as m = xaur, for el and
reR. In other words M is spanned by a singleton.

Proposition 4.14: Let M be spanned by a singleton x € M and (u, v, &), a finitely
generated fuzzy RI'-submodule of M. Let also a.I” be fixed such that every m in M
is expressed as m = xar, reR. Then (u, v, &) is faithful only when € is a right(left)
quasi faithful ideal of R. If the generator set of M consists of more than one element,
(W, v, &) will no more be faithful.

Proof: Let a € M, so that a = xar, for reR so that by definition 4.8, p(a)=
pu(x)y(o)&(r). Then as & is left quasi faithful, there exist B and s such that E(rfs) = &(r)

and we have p(aps) = p(xarfs) = p(x)y(a)&(rfs) = p(x)y(a)&(r) = u(a). Letm, n €
M, so that m = xar, n = xas forr, s € R, then p(m-n) = p(x o (r-s)) = P(x)y(a)&(r-s)

= u(X)y()E(r) A p(x)y(a)é(s) = u(m) A p(n) {& is left quasi faithful }.

Example 4.15: We show that keeping other conditions unchanged, if M is spanned
by at least two elements {x, X,}, then also the faithfulness condition of (u, y, €) is
not satisfied.

Form,n e M, wehavem=x ar +x ar,andn=x as +x,as,. Therefore
m-n=x o (r-s,)+x, o (r,-s,). Thus p(m-n) = u(x,) y()E& (r -s )+ u(x,) v ()&(r,-s,).
Let & (r-s) =& (r) and & (r,-s,) = & (s,). In general, we have
pm-n) = px) y(a) & (r) + p(x,) v () & (s,)
# W(x)) Y(0)E (r)+ p(x,) ¥ (E(r,) A (X)) Y()E (s)) + (X,) ¥ (Q)E(S,)-

5. R-NORMAL FUZZY SUBGROUPS AND SUBMODULES

Definition 5.1: A fuzzy subset u of an RI'-group G is called a fuzzy subgroup of G if
the condition: p(x-y) = u(x) A m(y), holds.

Definition 5.2: Let G be an RI'-group where R is a I'-near ring with unity, y, a
fuzzy subset of I', § a fuzzy subset of R. A fuzzy subgroup p of G is called R-normal
if

u@a'agoa)>wg vyla) vié@),Vg eG, a el and for every unita € R.
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Remark 5.3: We denote the fuzzy R-normal subgroup p with respect to the fuzzy
subsets y of I, € of R by the triplet (W, v, &).

Example 5.4: LetR ={a, b, ¢, d}, ' = {a}, set of a single operation, composition
in R with respect to the binary operations “+” and “o” being given in the tables 5.4.1
and 5.4.2 , so that (R,+,a) is a I'-near ring.

+labcd ajlabcd +‘Xy alabcd alxy
alabecd bjcdba X|X X X[X X X X b|x x
b|badc clabcd yly x ylyyxy cClXxy
clcdba dibadc dxy
dijdcab

Table 5.4.1 Table 5.4.2 Table 5.4.3 Table 5.4.4 Table 5.4.5

Let G = {x, y} be a set and the composition among the elements of G are defined
in table 5.4.3 and among the elements of G and R are given in table 5.4.4 and 5.4.5.

We define the fuzzy sets p, y and § as : p (x) = 0.6, p (y) =0.5. § (a) = 0.6,
E(b)=0.5,£(c)=0.4,E(d)=0.5.andy (a) =0.4. Herea' =band b' =a while c' =
c and d'=d. Then (u, y, &) is an R- normal fuzzy subgroup of G.

Remark 5.5: If f: G —H is an RI'-homomorphism and (u, v, &) is an R-normal
fuzzy subgroup of G then (f'(n), v, &) and (f(w), v, &) are also R-normal fuzzy subgroups
of H. If G is an RI'-group, H its RI"-ideal, then we can define the quotient RT-group
G/H in the same way as we define a quotient group in ordinary group structure, with
the more general condition that: aa (g+ H)ab=aagab+H,Va,beR,a el
and g € G.

Proposition 5.6: Let G be an RI"-group and (W, y, §), an R-normal fuzzy subgroup
of G. Then for H an RI-ideal of G, p induces an R-normal fuzzy subgroup p' of
G/H given by

W (g +H) =g A pH), where u (H) =v {p(h) |h € H}

Remark 5.7: The RI'-module M can be treated as an RI'-group also, where R is
al-ring instead of a I'-near ring. Also if (W, v, &) is a fuzzy RI'-submodule of M then
we can treat it as a fuzzy RI"-subgroup of M. Moreover, if the fuzzy subset £ of R is
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a fuzzy RI-ideal of R, then (L, v, x) is an R-normal fuzzy subgroup of M.

Lemma 5.8: Let F(M) be the set of all R-normal fuzzy submodules of M. Then
F(M) is closed under addition of fuzzy submodules.

Proof: Let x be aunitinR, o € T', geM and p, p, € F(M).

We have (0, + 1) (x'agax)=v{p, @) Ap, ()| z+y=x"agax,yze M}
=viy, ) A p, ()| xo(y+z)ox!' = g}=Vv {u, (2) A, (Y)|xayox! + xazox' = g}
=v {p, (X" awox) A W, (x! avex)| u+ v =g)
2V {{p, WvEXVY @} Alp, (V) vEX) vy(@)}|u+v=g}

2{vi{g A Wutv=g}} vEX) v y(a)= (1, + 1)@ Vv EX) v y(a).

Remark 5.9: Under the binary operation “+”, F(M) possesses a semigroup
structure. So we can define the notion of an additive function on F(M).

Definition 5.10: A map f: A—B, between two semigroups is said to be an additive
function, if fla+ b)=f(a) +f(b), Va,b € A.

Proposition 5.11: There exists an additive function between F(M) and F(M/H),
the semigroups consisting of all R-normal fuzzy RI'-submodules of M and M/H
respectively with respect to the fuzzy subset y of I' and fuzzy RI'-ideal £ of R, the
elements of M/H being R-normal fuzzy RI'-submodules induced by those of M as
defined in 5.7.

Proof: For p and p, € F(M), we have by lemma 5.9, p, + 1, € F(M). We define
the function f: F(M) — F(M/H) as: f (u) = W/, where ' (g +H) = pu(g) A n (H), and
u(H)=v {u(h) |h € H} forevery g € G.

Now we discuss an interesting uniqueness property under isomorphism of a fuzzy
map as defined in [2].

Definition 5.12 [2]: A fuzzy map f from a set X to a set Y is an ordinary map
from X to the set of all fuzzy subsets of Y satisfying the following conditions:

(i) forall x € X, there exists y e Y such that (f{(x))(y, )=1
(i) forall x e X, (f{x))(y )=(f(x))(y,) implies y =y.,.
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Remark 5.13 [2]: A fuzzy map ffrom X to Y gives rise to a unique ordinary map
p: X xY — Igiven by u (x,y) = (fix))(y) where Lis the interval [0,1]

Definition 5.14: Let M and N be two RI'-modules and f: M — N be a fuzzy
mapping. Then fis said to be a fuzzy homomorphism if the following hold:

() wm +mum=, " (m,n) A (m,n,))

2) uf(m, ro.n) > pf(m, n), forallm, m,m, € M,a € I'andn,n,n, eN,reR.

Proposition 5.15: Let f: F(M) — F(M/H) be the additive function, ¢ : M — M a
fuzzy homomorphism, such that ¢(m) is an R-normal fuzzy RI"-submodule of M for
every m € M. Then the composite map fo ¢ : M — F(M/H) defined by fo ¢ (m) =
f(d(m)), V m € M is also a fuzzy homomorphism.

We generalize the proposition 5.15 as follows:

Proposition 5.16: Let A : M — M’ be a surjective R['-homomorphism
between the RT'- modules M and M/, f: F (M) — F (M), an additive function and
¢ : M —> M, a fuzzy homomorphism such that ¢(m) is an R-normal fuzzy RI'-
submodule of M for every m € M. Then the composite map fo ¢ is again a fuzzy
homomorphism.

Proof: We have the composite map fo ¢ : M — F(M’) defined by fo ¢ (m) =
f (¢ (m)), vm € M. Moreover for u € F (M) there is a ' € F (M) such that f (1) = W,
whenever forge M, 3g € M/, A(g) =g/, we have 1/ (g) =1 (g).

(a) W thus defined is R-normal RT-fuzzy submodule of M’ with respect to the
fuzzy subsets y of G, and the fuzzy RI'-ideal £ of R .

(b) fo ¢ is well defined i.e it is an R-normal fuzzy RT"-submodule of M'.

(c) Since ¢ is a fuzzy map, forg e M, 3 g" € M : ¢ (g)(g") = 1. A being surjective
g e M': A (g) =g Hence fo ¢ (2) (2) =/ (¢ (2)(g)=¢ (2)(g) =1.

(d) fod(g)(g)=rfod (@ (g,)=A@)g) = (@)g,)

= There exist g, and g, : M(g,) = g,/ and A(g,) = g,/ respectively and we have
¢ (2)(g) =9 (2)(g,) = g =g, Thus fo ¢ is a fuzzy homomorphism.
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