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FUZZY IDEALS OF PSEUDO MV-ALGEBRAS

ABSTRACT. The notion of fuzzy (implicative) ideals of a pseudo MV -algebra
is introduced, and its characterizations are established. Conditions for a
fuzzy set to be a fuzzy ideal are given. Given a fuzzy set |, the least fuzzy
ideal containing |\ is constructed.
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1. INTRODUCTION

The ideal theory of pseudo MV-algebras is studied in [1] and [2]. In particular, the
second author gave characterizations of ideals, and introduced the notion of
implicative ideals in pseudo MV-algebras (see [2]). In this paper, we introduce the
notion of fuzzy (implicative) ideals in a pseudo MV-algebra. We give characterizations
of fuzzy (implicative) ideals, and provide conditions for a fuzzy set to be a fuzzy
ideal. Given a fuzzy set x, we make the least fuzzy ideal containing z.

2. PRELIMINARIES

A pseudo MV-algebra is an algebra (M;®, ~, -, 0,1) of type (2, 1, 1, 0, 0) such that
the following axioms hold for all x, y, z € M with an additional binary operation ®
defined via

yOx=x @y ):
(al) x®@(y@Py=xDy) Dz,
(a2) x®@0=0®x=x,
@3) x@1=10x=1,
(a4) 1"=0,1"=0,
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(a5)
(a6)
(@7)
(a8)

@y )y =(x"®y),
X@X Oy=y®y Ox=x0y @y=yox Dy,
XOX @y)=xDy) Oy,

(x ) =x.

If we define x <y if and only if x~ @ y = 1, then < is a partial order such that M

is a bounded distributive lattice with the join x \V y and the meet x A\ y given by

xVy=x@®x 0y=x0y @y,
ANy=xO(x @y)=x®y)Oy.

Let M be a pseudo MV-algebra M and x, y, z € M. Then the following properties

are valid (see [1]).

(bl)
(b2)
(b3)
(b4)
(b3)
(b6)
(b7)
(b8)
(b9)

XOYy<xNy<xVy<x®y.
xVy) =x Ay.
XSy=>z70x<z0Y,x0z=5y0Oz
Z®xNY)=ZDPx) N\ (zDYy).
ZOXPY)<zOXxDy.

x) =x.

xOl=10x=x

x®x =1x ®x=1.
xOx =0, ©x=0.

Bb1IO) xO(YO=xOy Oz
A subset  of a pseudo MV-algebra M is called an ideal of M (see [2]) if it satisfies:

(c1)
(c2)
(c3)

0el,
Ifx,yel,thenx®y €I,
Ifxel,yeMandy<x,theny el

For every subset W < M, we denote by (W) the ideal of M generated by W, that
is, (W) is the smallest ideal containing W. By [1, Lemma 2.5],

Wy={xeM|x<y ®...@yforsomey,...,y €W}
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3. FUZZY IDEALS
We give the definition of a fuzzy ideal in a pseudo MV-algebra.

Definition 3.1. A fuzzy set p in a pseudo MV-algebra M is called a fuzzy ideal of
M if it satisfies:

(d1) (Vx, y € M) (u(x @ y) 2 min {p(x), p(y)}),
(d2) (Vx,y e M) (y <x = u(y) 2 p(x)).

It is easily seen that (d2) forces

(d3) (Vx € M) (u(0) 2 p(x)).

Example 3.2. Let [ be an ideal of a pseudo MV-algebra M and let u, be a fuzzy
set in M defined by

o ifxel,
W, (x): = B otherwise,

where o, B € [0, 1] witha > B. Letx,ye M. If x,y € I, thenx ® y € [ and
SO

W@y =o=min {p, (x), 1, ()}
If x g Tory ¢ I, then p, (x) =B or u, (y) =B. Thus
H, (x®@y) 2B =min {p, (x), b, (M}

Letx,y € Mbesuchthaty <x.Ify € [, then pu (y) = a2, (x). Assume that y ¢ I.
Then x ¢ I, and thus u, (y) = B = p, (x). Therefore p, is a fuzzy ideal of M.

Proposition 3.3. Let p be a fuzzy ideal of a pseudo MV-algebra M. Then
@ (vx,y e M) (u(x © y) 2 min {ux), u(y)}).
(i) (vx,y € M) (u(x Ay) 2 min {p(x), p(y)}).
(i) (Vx,y € M) (u(x Ay) = min {p(x), p(y)}).
(iv) (vx,y € M) (u(x @ y) = min {u(x), u(y)}).

Proof. Sincex © y<xNy<xVy<x@®yforallx,y e M, it follows from (d1) and
(d2) that

Mx ©y) 2 puxAy) 2 puxVy) 2 pux @ y) 2min {px), uy)}-
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Sincex®@y>xVy2>x,yforall x,y € M, we have u(x @ y) < pu(x), w(y) and p(x Vy)
< u(x), u(y) by (d2). This completes the proof.

Theorem 3.4. Let | be a fuzzy set in a pseudo MV-algebra M. Then | is a fuzzy
ideal of M if and only if it satisfies (d1) and
(d4) (Vx,y e M) (n(x V y) 2 n(x)).
Proof. Let p be a fuzzy ideal of M and let x, y € M. Since x A\ y < x, it follows
from (d2) that pu(x /\ y) > p(x). Suppose that p satisfies (d1) and (d4). Letx, y € M be

such that y <x. Then x A y =y and so pu(y) = p(x /\ y) > p(x) by (d4). Hence p is a
fuzzy ideal of M.

Proposition 3.5. Every fuzzy ideal | of a pseudo MV-algebra M satisfies the
following inequality

(Vx, y € M) (u(y) 2 min {p(x), p(x " © y) H. (1
Proof. Let ube a fuzzy ideal of a pseudo MV-algebra M. Since y<xVy=x® x~
® yforall x, y € M, it follows from (d1) and (d2) that

HO) 2 P @ x” © y) 2 min {ux), px" © y)}.
This completes the proof.

Proposition 3.6. Let | be a fuzzy set in a pseudo MV-algebra M that satisfies
(d3) and (1). Then . satisfies the condition (d2) and

(Vx,y € M) (n(y) > min {pu(x), p(y © x H}). 2)

Proof. Assume that p satisfies (d3) and (1). Let x, y € M be such that y < x. Using

(b3) and (b9), we have x™ © y<x™ ®x=0and so x™ ® y =0. It follows from (d3) and
(1) that

W) 2 min {p(x), p(x™ @ y)} =min {p(x), p0)} = p(x)
so that (d2) is valid. Note that
GOx)YOOox ®)<HYOx )V O(HoOx )®x=0®x=x
so from (d2) that u(x) < u((y @ x )" ® (y ©®x @ x)). Now since
XOy<x®x 0y=yoOx @x,
it follows from (d2) that p(x™ ® y) > u(y ® x @ x) so that
u() = min {p), p(x”© y)} 2min {ux), p(y ©x Sx)}



Fuzzy Ideals of Pseudo MV-Algebras 25

v

min {p(x), min {uy ©x ), OO x ) OO x OX)}}
2 min {p(x), min {pQy © x ), u(0)}}
= min {p(x), p(y © x )}.

This completes the proof.

Proposition 3.7. If a fuzzy set 1 in a pseudo MV-algebra M satisfies conditions
(d3) and (2), then W is a fuzzy ideal of M.

Proof. Letx,y € Mbe suchthaty<x. Theny ®x <x®x =0by (b3)and (b9),
and thus y © x =0. Using (d3) and (2), we have

u(y) 2min {p(x), p(y © x )} =min {pu(x), p0)} = p(x).
Thus (d2) is valid. Note that
@Oy =@x®( ) Oy =xAy <x
for all x, y € M so from (2) and (d2) that
Hex @ y) = min {u(y), W((x®y) ©y )} =min {u), px)}.
Hence (d1) is valid, and p is a fuzzy ideal of M.

Combining Propositions 3.5, 3.6 and 3.7, we have the following characterization
of a fuzzy ideal in a pseudo MV-algebra.

Theorem 3.8. For a fuzzy set W in a pseudo MV-algebra M, the following are
equivalent:

(1) wpisafuzzy ideal of M.

(i1) W satisfies the conditions (d3) and (1).

(ii1) p satisfies the conditions (d3) and (2).

Proposition 3.9. Let n be a fuzzy set in a pseudo MV-algebra M. If | satisfies
conditions (d3) and

(Vx,y,z€ M) (W(x © y) 2min {p(x O y © 2), W~ © y)}), 3)

then W is a fuzzy ideal of M. Moreover, | satisfies:

H (Vx,yeM) (UxOy)=pxOyOy),

(i) (Vx € M) (Vn € N) (u(x) = u(x")), where x* = x"' Ox = xOx"' and x° = 1.
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Proof. Takingx=y,y=1and z=x in (3) and using (a8) and (b7), we have

RO =peeD 2min {prelex ), p((r )" OD} =min {u(yex ), pe)}.
It follows from Theorem 3.8 that p is a fuzzy ideal of M. Now taking z=1y in (3)
and using (b9) and (d3), we get

Wx©y) 2 min {ux Oy ©y), u(y" ©y)}
= min {x ©y ©y), w0)}
Hx ©y©y).

On the other hand, sincex ® y® y<x® y,weseethat u(x © y© y) 2 n (x ® y).
Then (i) holds.

The proof of (ii) is by induction on n. If n = 1, then (i1) is obviously true. If we
put x=1and y =xin (i), then
L) =p(1 Ox)=u(l Ox®x)=puixd).
Now assume that (i) is valid for every positive integer k > 2. Then
pO) = p(x © x © x) = p(x © x) = P = p).
Therefore (ii) is true.

Lemma 3.10. For any fuzzy set | in a pseudo MV-algebra M, the condition (3)
is equivalent to the following condition:

(Vx,y,z€ M) (Wx © y) 2min {px Oy © 2 ), Kz O y)}. (4)
Proof. (3) = (4): Letx, y, z € M. By (3),
R ©y) Zmin {px©y ©z ), Wz ) O}
Since (z )" =z, we have (4).
(4) = (3): Applying (4) we see that
R(x ©y) Zmin {px ©y © (2) ), W@ O )}
From this we obtain (3), because (") =z by (b6).

In [2] we introduced the notion of implicative ideals in pseudo M V- algebras. An
ideal I of a pseudo MV-algebra M is said to be implicative if it satisfies the following
implication:

Vx,y,zeM)y(xOy©zel,L7 ©Oyel=>x0®ycel).
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Definition 3.11. Let p be a fuzzy ideal of a pseudo MV-algebra M. We say that
is fuzzy implicative if it satisfies the condition (3) (or (4)).

Proposition 3.12. Let I be an ideal of a pseudo MV-algebra M. Then I is
implicative if and only if the fuzzy set i, which is described in Example 3.2 is a fuzzy
implicative ideal of M.

Proof. Straightforward.
Lemma 3.13. Let | be a fuzzy ideal of a pseudo MV-algebra M. Then
(Vx,y € M) (n(x © y) 2 min {u(x © y © y), p(y Ay)H.
Proof. Applying (b7) and (b8) we have
xOQy = xO)OI=x0y) 0 HOYy),
andsox©y<(x©y) ©y @y by (b5). Using (b4) we obtain
xXOy < yAXOYyOy®Yy)
S (XOYOYEYWANXOYyOY®Y)
xOYyOy®yAY).
It follows from (d2) and (d1) that
HEXOY)ZpEx Oy O y® (yAy)zmin {ux Oy ©y), uy Ay)}.
This completes the proof.

Theorem 3.14. Let u be a fuzzy ideal of a pseudo MV-algebra M. Then the
following statements are equivalent:

(1) W is fuzzy implicative.

(i) (Vx,ye M) (WMx©y)=pux Oy O y)).

(iii) (Vx e M) (x* =0 = p(x) = n(0)).

(iv) (Vx € M) (n(x Ax ) = p(0)).

V) (¥x e M) (n(x A x7) = w0)).

Proof. (i) = (ii): This is by Proposition 3.9.

(i1) = (ii1): Taking x =1 and y = x in (ii), we get

HE) =l ©x)=ul Ox O x) = px).
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Then (iii) is obviously true.

(i11)) = (iv): Using (b3) and (b9) we have

xAx Y=xAx)OxAx )<xOx =0.

Consequently, (x A x )>=0. Hence pu(x A x ) = u(0).

(iv) = (v): Since x A\ x"=x" \x=x"/\ (x7) , it follows from (iv) that p(x A x7) =
1(0).

(v) = (1): By Lemma 3.13, u(x © y) 2 min {u(x © y ® y), wW(y A y") }. Therefore
px ®y)>2min {ux ©y©y), W(0)} =wx ® y ®y). Applying (b3) and (b5) we get

XOYOY<XxXOyO @V =x0y0Z@7 ONxOyOz® T Oy.
Since p is a fuzzy ideal, we have
HEXOYyOW)Z2ZUxOYy©z@Z7 ©@y)2min {u(x Oy © 2), WO y)}.
Thus p satisfies the condition (3), i.e., p is fuzzy implicative.
Using the level subset of a fuzzy set, we give a characterization of a fuzzy ideal.

Theorem 3.15. Let | be a fuzzy set in a pseudo MV-algebra M. Then u is a fuzzy
ideal of M if and only if its nonempty level subset

Ulw; o) == {x € M| u(x) > ot}
is an ideal of M for all a. € [0, 1].

Proof. Assume that u is a fuzzy ideal of M and let a € [0, 1] be such that U(u; o)
# 0. Obviously 0 € U(p; o). Let x, y € M be such thatx, y € U(u; o). Then p(x) > a.
and n(y) = a. It follows from (d1) that

Wx @ y) 2 min {p(x), p(y)} 2 a

sothatx @y € U(u; o). Let x, y € M be such that x € U(u; o) and y < x. Then pu(y)
> w(x) = a by (d2), and so y € U(p; o). Therefore U(u; o) is an ideal of M.

Conversely suppose that U(u; o) is a nonempty ideal of M for all a € [0, 1]. If
(d1) is not valid, then there exist a, b € M such that p(a ® b) < min {u(a), wb)}.
Taking

1
B = 5 (1 (@ @ b) + min {p (a), pu (b)}),
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we get W(a®b) < B < min {pu(a), w(b)}. Therefore a, b € U (u; B) but a®b ¢ U(W;P).
This is a contradiction, and (d1) is valid. Finally let x, y € M be such that y < x.

1
Assume that p(y) < p(x) and lety = ) (1(y) + u(x)). Then w(y) < v < w(x) and thus

x € U(u; y)andy ¢ U(y; ). This is impossible, and p is a fuzzy ideal of M.
Corollary 3.16. If n is a fuzzy ideal of a pseudo MV-algebra M, then the set
M :={xeM|px) =wa)}
is an ideal of M for every a € M.
Proof. Straightforward.

Theorem 3.17. Let | be a fuzzy set in a pseudo MV-algebra M. Then | satisfies
the condition (3) if and only if for all x,y, z € M and a. € [0, 1], wheneverx ©® y ® z
eUw,a)andz ©y e U(w; ) thenx ®y € U(p; ).

Proof. Letx,y,z € M and a € [0, 1] be such that x © y ©® z € U(u; o) and
77 ©ye U, a). Then u(x ©y ® z) 2 o and pu(z~ ® y) > a. It follows from (3) that

pix ©y)2min {px ©y © 2), W Oy} 2a
so that x © y € U(u; o). Conversely, if the condition (3) is not valid, then
wa © b) <min {pla © b O ¢), Wc” © b)}

for some a, b, c € M. Let

1
B:=75 (Wa©®b)+min {pa®b® o), wc” ©bH)}).

Then wa ©b) < B<min {Wa®b®c),n(c"©b)},andsoa ©b ® c e U (u;P)
and ¢ © b € U(u; B) buta ® b # U(y; B). This is a contradiction.

Theorems 3.15 and 3.17 together yield the following corollary.

Corollary 3.18. Let 1 be a fuzzy set in a pseudo MV-algebra M. Then W is a fuzzy
implicative ideal of M if and only if for each a. € [0, 1], U(w; o) =0 or U(W; o) is an
implicative ideal of M.

Theorem 3.19. For a fuzzy set | in a pseudo MV-algebra M, let u* be a fuzzy set
in M defined by
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wix) :=sup {a € [0, 17| x € (U(u; o))}
for all x € M. Then p” is the least fuzzy ideal of M that contains p.
1
Proof. For any B € Im(u"), let B = - - forn € N. Let x € U (u*; B). Then

p*(x) = B, which implies that

1
sup {a € [0, 1] |x € (U(w; )y} 2P > B—; =B,V eN
Hence for any n € N there exists y € {a € [0, 1] | x € (U(u; o))} such thaty >

B,. Thus x € (U(u; v,)) forall n € N. Consequently, x € (Il U () . On the other

hand, if x € ﬂN<U(“;Yn)>,then v, € {a € [0, 1] | x € (U(n; o))} for any n € N.

Therefore

1
B- o= B, <v,<supf{ael0,1]|xe (U a)}=pnx),v N
Since n is arbitrary, it follows that < u*(x) so that x € U(u*; B). Hence U(u*;f3)

= ﬂN Oy , which is an ideal of M. Therefore we conclude that p* is a fuzzy

ideal of M by Theorem 3.15. We now prove that 1" contains p.. For any x € M, let
e {a € [0, 1]|x € U(w; a)}. Then x € U(p; PB) and thus x € (U(u; B)). Therefore
B e {ael0,1]]|xe(Uu; a))}, which implies that

{ae[0,1]|x e Up; o)} < {a € [0, 1] | x € (U(p; o)) }.
It follows that

IA

sup {a € [0, 1]]|x € U(w; o)}
sup {a € [0, 1] ]| x € (U(u; o))}

Hx)

IA

[TREY

which shows that u* contains . Finally, let v be a fuzzy ideal of M containing .. Let
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x € M and let u*(x) = B. Then x € U(u*; B) = Q<U(“;Y")> ,andsox € (U(w; y,)) for

all n € N. Consequently,
x<y @...®y forsomey,...,y € U,7,)

(see the last paragraph of Section 2). It is easy to check that

wWx) 2 min {pu(y,), - .., py)} 27y,

1
Thenv(x) 2 pu(x) >y >B =B - - forevery n € N, so that v(x) > B = n*(x) since

n is arbitrary. This shows that u*c v, and the proof is complete.
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