I nternational Review of Fuzzy Mathematics
Vol. 5 No. 1 (June, 2020)

Received: 23rd July 2019 Revised: 14th August 2019 Accepted: 15th November 2019

Young Bae Jun, Hee Sik Kim and Eun Hwan Roh

REDEFINED FUZZY B-ALGEBRAS

ABSTRACT: Using the belongs to relation ( € ) and quasi-coincidence with
relation (q) between fuzzy points and fuzzy sets, the concept of (a, B)-fuzzy
B-algebras where a.and [3 are any two of {€,q, € V q, € N} witha.# € N\q
is introduced, and related properties are investigated. We give a condition
foran (e, € V q)-fuzzy B-algebrato be an (€, €)-fuzzy B-algebra. We provide
characterizations of an (€, € V q)-fuzzy B-algebra. We show that a proper
(e, €)-fuzzy B-algebra o</ of X with additional conditions can be expressed
as the union of two proper non-equivalent ( €, € )-fuzzy B-algebras of X. We
also prove that if o/is a proper (€, € V q)-fuzzy B-algebra of a B-algebra
X such that

#{cd(x)| o (x)<0.5} > 2;
then there exist two proper non-equivalent (€, € V q)-fuzzy B-algebras of X
such that o</ can be expressed as the union of them.
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1. INTRODUCTION

Y. Imai and K. Iséki introduced two classes of abstract algebras: BCK-algebras and
BCl-algebras ([7, 8]). It is known that the class of BCK-algebras is a proper subclass
of the class of BCI-algebras. In [5, 6] Q. P. Hu and X. Li introduced a wide class of
abstract algebras: BCH-algebras. They showed that the class of BCI-algebras is a
proper subclass of the class of BCH-algebras. Recently, the present authors ([9])
introduced a new notion, called a BH-algebra, which is a generalization of BCH/
BCI/BCK-algebras. They also defined the notions of ideals and boundedness in BH-
algebras, and showed that there is a maximal ideal in bounded BH-algebras. The
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second author together with J. Neggers [13] introduced and investigated a class of
algebras, i.e., the class of B-algebras, which is related to several classes of algebras
of interest such as BCH/BCI/BCK-algebras and which seems to have rather nice
properties without being excessively complicated otherwise. J. R. Cho and H. S.
Kim [4] discussed further relations between B-algebras and other classes of algebras,
such as quasigroups. It is well known that every group determines a B-algebra, called
a group-derived B-algebra. It is natural to have a question of interest to determine
whether or not all B-algebras are so group-derived. It is proved that this is not the
case in general, and thus that this class of algebras contains the class of groups
indirectly via the group-derived principle (See [1]). In this paper, using the belongs
to relation (€) and quasi-coincidence with relation (q) between fuzzy points and
fuzzy sets, we introduce the concept of (a, §)-fuzzy B-algebras where o and [ are
any two of { €, q, € Vq, € Aq} with a # € Aq, and investigate related properties. We
give a condition for an (e, € Vf)-fuzzy B-algebra to be an (€, €)-fuzzy B-algebra.
We provide characterizations of an (e, € Vq)-fuzzy B-algebra. We show that a
proper (€, €)-fuzzy B-algebra oo/ of X with additional conditions can be expressed
as the union of two proper non-equivalent (€, €)-fuzzy B-algebras of X. We also
prove that if o@/is a proper (€, € V q)-fuzzy B-algebra of a B-algebra X such that #
{ oo/ (x) | o/ (x) < 0.5} > 2, then there exist two proper non-equivalent (&, € V q)-
fuzzy B-algebras of X such that oo/ can be expressed as the union of them.

2. PRELIMINARIES

A B-algebra is a non-empty set X with a constant O and a binary operation * * ”
satisfying the following axioms:

1) (VxeX)(x*xx=0),
(1) (Vx € X) (x*0=x),

1)V, y, x € X) ((x * y) * z=x * (2 * (0 * y))).

A non-empty subset N of a B-algebra X is called a B-subalgebra of X if x * y €
N for any x, y € N. A non-empty subset N of a B-algebra X is said to be normal if
(x*a)* (y=*b) € Nwhenever x *y € Nand a * b € N. Note that any normal subset
N of a B-algebra X is a B-algebra of X, but the converse need not be true (see [10]).
A non-empty subset N of a B-algebra X is called a normal B-subalgebra of X if it is
both a B-algebra and normal.
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Lemma 2.1. [13] If X is a B-algebra, then x * y=x* (0 * (0 *y)) forall x, y € X.

Example 2.2. [13] Let X be the set of all real numbers except for a negative
integer —n. Define a binary operation “ * ” on X by

nx—y)
n+y

X*y:=

Then (X; *, 0) is a B-algebra.

Example 2.3. [13] Let Z be the group of integers under usual addition and let o
¢ Z. We adjoin the special element o to Z. Let X :=7Z U {a}. Define o+0 = o, o+n
=n—-1wheren #0in Z and a + a is an arbitrary element in X. Define a mapping ¢
: X > X by ¢(a) = 1, §(n) = —n where n € Z. If we define a binary operation “*” on
X by x * y := x+¢(y), then (X; *, 0) is a non-group derived B-algebra.

A fuzzy set o/in a set X of the form

te(0,11 if y=x,
M= if y#x,

is said to be a fuzzy point with support x and value 7 and is denoted by x..

For a fuzzy point x and a fuzzy set o%in a set X, Pu and Liu [15] gave meaning
to the symbol x a.co/, where a € {€,q, € V q, € A q}.

To say that x, € oo/(resp. x qo/) means that o/ (x) >t (resp. o</ (x) +¢ >1), and
in this case, x, is said to belong to (resp. be quasi-coincident with) a fuzzy set o</ .

To say thatx € \V q o%/(resp. x, € A q o%/) means thatx € o%/or x q o/ (resp. X,
€ o/and xqo</).

3. REDEFINED FUZZY B-ALGEBRAS

In what follows, let X denote a B-algebra unless otherwise specified, and let o and 3
denote any one of €, q, € V q, or € A q unless otherwise specified. To say that

x,00ce/ means that x oo/ does not hold.

Definition 3.1. [10] A fuzzy set o%/in X is called a fuzzy B-algebra if it satisfies
the inequality
(Vx, y € X) (o (x * y) 2 min { o/ (x), o/ (y)}). (1)
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Proposition 3.2. For any fuzzy set o/in X, the condition (1) is equivalent to the
following condition
(Vx,y € X) (Vt,t, € (0, 1]) (xtl, Y, € o = (x * y)mm{tl’tz} € o). 2)
Proof. Assume that the condition (1) is valid. Let x, y € X and 7, 7, € (0, 1] be
such thatx, ,y, €o%. Then o/ (x) > ¢ and o/(y) > t,, which imply from (1) that

oo/ (x * y) =2 min{ o</ (x), o/ (y)} = min{z,, ¢,}.

Hence (X* ),y,.,) € O
Conversely suppose that the condition (2) is valid. Note that x_ € ot/and y
e o/forall x, y € X. Thus (x * y)

{cZ(x), o7 (n)}.

Definition 3.3. A fuzzy set o%/in X is said to be an (o, B)-fuzzy B-algebra of X,
where o # € A q, if it satisfies the following conditions:

()
| € oo/by (2), and so o/ (x * y) > min

min{ o7 (x),c (y)

(Vx,y € X) (Vt,t, € (0, 1]) (x, ac, y, 0o = (X*y) 0, 1, B 7). 3)
Let oo/be a fuzzy set in X such that oo/ (x) <0.5 forallx € X. Letx € X and t €
(0, 1] be such that x, € A qo/. Then oo/ (x) > ¢t and o</ (x) + ¢ > 1. It follows that
1 < o/ (x) +1t< o (x) + o (x) =20 (x)
so that o/ (x) > 0.5. This means that {x |x € A qo/ } = ¢. Therefore the case
o = € A q in Definition 3.3 will be omitted.

Example 3.4. Let X = {0, a, b, ¢} be a set with the following Cayley table:

* 0 a b c
Of 0 ¢ b a
al a 0 ¢ b
bl b a c
c|l ¢ b a O

Then (X; *, 0) is a B-algebra ([1]). Let o%/be a fuzzy set in X defined by 27 (0) = 0.6,
oo/(b)=0.7, and oo/ (a) = o/(c) =0.3. Then ois an (&, € V q)-fuzzy B-algebra of
X. But

(1) cZis not an (€, €)-fuzzy B-algebra of X since b, € cand b, € o7/, but
(b*b) =0 € o.

min{0.63,0.68} 0.63
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(2) «7isnota(q, € V q)-fuzzy B-algebra of X since b, ,, q c%/and a_, q o/, but

(b*a) i 043079 = Gous €V q o/ because oo/(a)=0.3 # 0.43 and o/ (a) +0.43=0.3

+0.43=0.73 # 1.
(3) o/isnotan (€ V q, € V q)-fuzzy B-algebra of X since b, € V q o7and c

eV q e, but(b*c) =c,s€Vqgoe/ because oo/ (¢) =0.3 # 0.5 and o/(c)

min{0.5,0.8}

+05=03+05=0.8 ¥ 1.
(4) c/is not an (€ V q, q)-fuzzy B-algebra of X since b, € Vq c%and a ., €V

q o/, but (a * b) =C, g9 °7 because o/(c) +0.66 =0.3 +0.66 =0.96 ¥ 1.

min{0.78,0.66}
Theorem 3.5. Every (e V q, € V q)-fuzzy B-algebra is an (€, € V q)-fuzzy B-
algebra.

Proof. Let c%/be an (€ V q, € V q)-fuzzy B-algebraof X. Letx,y € Xand 7, ¢,
€ (0, 1] be such that x,, € c%/and y,, € o/. Thenx, € Vq c%/and y,, € V q %,

which imply that (x * y) € V q o7 . Hence o7/is an (€, € V q)-fuzzy B-

min{’1, 12}

algebra of X.

Theorem 3.6. Every (e, €)-fuzzy B-algebra is an (€, € V q)-fuzzy B-algebra.
Proof. Straightforward.

Example 3.4 shows that the converse of Theorems 3.5 and 3.6 need not be true.

Proposition 3.7. If o</is a non-zero (o, B)-fuzzy B-algebra of X, then o</ (0) > 0.

Proof. Assume that c27(0) = 0. Since ©%/is non-zero, there exists x € X such that
o/ (x)=t>0.Ifa=€ecora=eVq,thenx a o7, but (x *x) , =0 B/ Thisis
a contradiction. If a. = g, then x a.c%because oo/ (x)+1 = t+1 > 1 But (x * x)mm )
=0, B o/ which is a contradiction. Hence o<7(0) > 0.

For a fuzzy set o/in X, we denote X := {x € X | o/ (x) > 0}.

Theorem 3.8. If o/is a nonzero (€, €)-fuzzy B-algebra of X, then the set X, is a
B-subalgebra of X.
Proof. Let x,y € X. Then o¢/(x) > 0 and o</ (y) > 0. Suppose that oo/ (x * y) =

0. Note that x € oZandy € o, but (x *y) €oo/ because o/

oo/ (x) o/ (y) min{ o/ (x),c/ (y) }
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(x *y) =0 < min { e/ (x), </ (y)}. This is a contradiction, and thus oo/ (x * y) > 0,
which shows that x * y € X . Consequently X  is a B-algebra of X.

Theorem 3.9. If o/is a nonzero (€, q)-fuzzy B-algebra of X, then the set X, is a
B-subalgebra of X.

Proof. Let x, y € X . Then o</ (x) > 0 and o/ (y) > 0. If oo/ (x * y) = 0, then
oo/ (x *y) + min { oo/ (x), o/ (y)} = min { oo/ (x), o</ (y)} < 1.

. _ C . .
Hence (X*Y) (s or.cr 4 o2, which is a contradiction since X, € oo/ and

Yy € oo/. Thus o/ (x *y) >0, and so x * y € X . Therefore X is a B-algebra of X.

Theorem 3.10. If o</is a nonzero (q, €)-fuzzy B-algebra of X, then the set X  is
a B-subalgebra of X.

Proof. Letx,y € X . Then o</(x) > 0 and o</(y) > 0. Thus o/(x) + 1 > 1 and o/
(y) + 1 > 1, which imply that x, qo/and y, qo?/. If oo/ (x * y) =0, then o/ (x * y) <
I =min{1, 1}. Therefore (x *y) (L) € oo/, which is a contradiction. It follows that

oo/ (x * y) > 0 so that x*y € X . This completes the proof.

Theorem 3.11. If o</is a nonzero (q, q)-fuzzy B-algebra of X, then the set X is
a B-subalgebra of X.

Proof. Letx,y € X . Then o</(x) > 0 and o</(y) > 0. Thus o/(x) + 1 > 1 and o/
(y) + 1 > 1, and therefore x, qc7and y, q /. If o%/(x * y) = 0, then o/ (x*y)+min

{1,1}=0+1=1, and so (G DN g o</ . This is impossible, and hence oo/ (x * y)

>0, 1i.e., x * y € X . This completes the proof.
Corollary 3.12. If A is one of the following
(1) anonzero (e, € N\ q)-fuzzy B-algebra of X,
(i) a nonzero (e, € V q)-fuzzy B-algebra of X,
(ii1) a nonzero (€ V q, q)-fuzzy B-algebra of X,
(iv) a nonzero (€ V q, €)-fuzzy B-algebra of X,
(v) anonzero (e V q, € N q)-fuzzy B-algebra of X,
(vi)a nonzero (q, € N\ q)-fuzzy B-algebra of X,
(vii) a nonzero (q, € V q)-fuzzy B-algebra of X,

then the set X is a B-algebra of X.

52



Redefined Fuzzy B-Algebras

Proof. The proof is similar to the proof of Theorems 3.8, 3.9, 3.10, and/or 3.11.
Theorem 3.13. Every nonzero (q, q)-fuzzy B-algebra of X is constant on X .

Proof. Let oo/ be a nonzero (q, q)-fuzzy B-algebra of X. Assume that o/ is not
constant on X . Then there exists y € X, such that 1, = oo/ (y) # o/ (0) = t,. Then
either 1> 1,001 <f. Suppose <1, and choose 7,7, € (0, 1] such that 1 -7 <7 <
1 -1 <1, Then o/ (0)+1, =t +1 >1land o/ (y) +1,= t,+1,>1,and so 0, go/
and y, g Since

o/ (y *0) +min {7, 1} = o/ (y) +1, = 1+1, < 1,

we have (y*0) , g/ which is a contradiction. Next assume that 1,>1, Then o</

M+A-1)= f+ 1—z,>1andso y,_, go. Since
oA (yry)+(1—t)=cA/(O)+ 11—t =t +1-1,=1,

we get (V* ) inp 1) 427+ This is impossible. Therefore o/is constant on X, .

Theorem 3.14. Let o</ be a non-zero (o, B)-fuzzy B-algebra of X where (o, B) is
one of the following:

* (€, 9, *(e,eNq),
*(q, ), *(q, € N Q)
*(eVgqq, °*(eVq,eANq),
*(e Vg, e,

Then o</ = Xxg? the characteristic function of X .

Proof. Assume that there exists x € X such that % (x) < 1. For a. = €, choose
t € (0, 1] such that # < min {1 - o%/(x), o%(x), c%/(0)}. Then x a.c%/ and 00,0/, but

(x *0) = x,Bo/ where B = q or B = € A q. This is a contradiction. Now let

min{z,}
o =q. Thenx ac and 0,00 but (x *0) . |, = xBo forf=corf=€cAq,a

contradiction. Finally let o = € V q and choose ¢ € (0, 1] such that x, € o</ but
x,goo/. Then xo.ot/ and 0, ac, but (x#0) = xBe/ for P=qorB=e Aq.

This is impossible. Note that x o.c% and 0 oc? but (x * O)mm“,l} = X, €% a

contradiction. Therefore o/ =7y, .
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Theorem 3.15. Let S be a B-subalgebra of X and let o/ be a fuzzy set in X such
that

(1) o/ (x)=0forall x € X\,
(ii) oo/ (x) > 0.5 forall x € S.
Then o</is a (q, € V q)-fuzzy B-algebra of X.

Proof. Letx,y € Xand 7, t, € (0, 1] be such that x, qo“/ and ytzqo%/ , that is,
ofx) +t > 1and o/(y) +t,> 1. Then x * y € § because if not then x € X\ Sory
€ X\§. Thus o%(x)=0or o/(y)=0,andsot, > 1 orz, > 1. This is a contradiction.

If min{z, 2.} > 0.5, then oo/ (x * y)+min {, 7} > 1 and thus (x*Yy) yqol . If

min{t,t,
min {z, t,} <0.5, then oo/ (x * y) 2 0.5 > min{z, ¢,} and so (X*y) ., ..} €7 .

Therefore (x*y) , €Vq oo . This completes the proof.

min{t;,t,

Theorem 3.16. Let o/ be a (q, € V q)-fuzzy B-algebra of X such that o</ is not
constant on X . Then there exists x € X such that </ (x) 2 0.5. Moreover, o/ (x) =
0.5 forall x € X,

Proof. Assume that o7/ (x) < 0.5 for all x € X. Since ©%is not constant on X,
there exists x € X such that ¢ = oo/ (x) # c2/(0) = ¢,. Then eitherz < ¢ ort >t . For
the first case, choose 8 > 0.5 such that 7, + 6 < 1 < ¢_+ 0. It follows that x,q oA, oA
(x*x)=c/(0) =y, < d=min{d,6} and o/ (x * x) + min{3,8} = o7/ (0) +d=1,+0

< 1 so that (x * x)mm{w eVgce/. This is a contradiction. Now if 7, > 7, we can
choose 8 > 0.5 such thatz +& <1 <t +8. Then 0,q c%and x, q o</, but (x * 0) in15)
= x;eVgo/ since o/ (x) < 0.5 < 8 and o (x) + 8 = + & < 1. This leads a

contradiction. Therefore oo/ (x) > 0.5 for some x € X. We now show that 27 (0) >
0.5. Assume that o2/(0) =7, < 0.5. Since there exists x € X such that o7(x)=¢ >0.5,
it follows that 7 < 7 . Choose ¢, >, such that# +¢ <1<t +t.Then oo/ (x)+1 =1t

+1, > 1, and so x, go%/. Now we get

o/ (x *x)+minfz, 1} = c/(0) +1, =t +1 <1,
ool (x * x) = o/(0) =t, < t, =min{z, 1 }.
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Hence (x *x) e\/q@% , a contradiction. Therefore o</ (0) > 0.5. Finally

mmtt

suppose that 7 = oo/ (x) < 0.5 for some x € X. Take 7 > O such that 7 +7<0.5. Then
o/ (x)+ 1=t +1>1and c7(0) + (0.5 + ¢) > 1, which imply that x, g%/ and

0 .. qoo But (x*0)

0.5+

t <min {1, 0.5+ ¢} and
o/ (x*0)+min{1,0.5+1} = o7/ (x) +0.5+t=t +0.5+1<0.5+0.5=1.

e\/qo%/ since o7 (x * 0) = oo/ (x) < 0.5 +

min{1,0.5+} 05+t

This is a contradiction. Hence A (x) 3 0.5 for all x T X, This completes the proof.
Theorem 3.17. A fuzzy set o/ in X is an (€, € V q)-fuzzy B-algebra of X if and
only if it satisfies:
(Vx,y € X) (o (x * y) >2min{ o</ (x), o</ (y), 0.5}). 4)
Proof. Suppose that o</ is an (€, € V q)-fuzzy B-algebra of X and letx, y € X. If
min{ oo/ (x), o7 (y)} < 0.5, then o/ (x * y) > min{ o</ (x), o</ (y)}. For, assume that
oo/ (x*y) < min { oo/ (x), o</ (y)} and choose # such that oo/ (x*y) < t < min{ oo/ (x),

o/(y)}. Then x, € o/and y € o/ but (x * y) =(x *y) eV goo/, acontradiction.

mm

Hence o7 (x * y) > min{ oo/ (x), o/ (y)} Whenever min{ oo/ (x), oo/ (y)} < 0.5. Now
suppose that min{ %/ (x), o/(y)} 20.5. Then x € o/ and y , € o</, which imply
that

(x * y)min{().S,().S} =(x*y)s€Vq o
Thus oo/ (x * y) > 0.5. Otherwise, o/ (x * y) + 0.5 < 0.5 + 0.5 = 1, a contradiction.
Consequently, oo/ (x * y) > min{ oo/ (x), o</ (y), 0.5} for all x, y € X. Conversely

assume that (4) is valid. Let x, y € X and 7, ¢, € (0, 1] be such that x, € o/ and

y,, €% Then oo/ (x) 2t and oo/ (y) 2 t,. If o%/(x * y) < min {¢, ¢}, then min { oo/
(x), o7 (y)} =2 0.5. Otherwise, we have

oo/ (x * y) 2 min{ o/ (x), o/ (y), 0.5} = min{ o/ (x), o/ (y)} = min{z,, ¢,}, a
contradiction. It follows that

oo/ (x *y) + min{z , t,} > 209/ (x * y) =2 2 min{ o/ (x), o/ (y), 0.5} = 1 so that

(X*Y) ings, 1,1 - Therefore oo/ is an (€, € V q)-fuzzy B-algebra of X.
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Proposition 3.18. Let o/ be an (e, € V q)-fuzzy B-algebra of X. Then

(1) (Vx € X) (cZ(0) > min{ o/ (x), 0.5}),

(ii) (Vx € X) (e/(0 * x) > min{ oo/ (x), 0.5}),

(iii)(Vx, y € X) (oo (x * (0 * y)) > min{ o/ (x), o/ (y), 0.5}),

(iv)(Vx, y € X) (Vn € N) (o7 (x" * x) 2 min{ o</ (x), 0.5} whenever n is odd),
v) (Vx,y € X) (Vn € N) (e (x" * x) = min{ o/ (x), 0.5} whenever 7 is even),

x#(eox (x* (X% y)))

n

where x" *y = forallx,y € X.

Proof. Since x * x =0 for all x € X, it follows from Theorem 3.17 that
oo/ (0) = oo/ (x * x) > min{ o</ (x), o</ (x), 0.5} = min{ oo/ (x), 0.5}

for all x € X. Thus (i) is valid. For any x, y € X, we have

oo/ (0 * x) > min{ o7 (0), o/ (x), 0.5} = min{ o</ (x), 0.5}
by Theorem 3.17 and (i) which shows that (i1) is valid, and

oo/ (x * (0 * y)) > min{ oo/ (x), o</ (0 * y), 0.5} > min{ o/ (x), o7 (y), 0.5}

by Theorem 3.17 and (ii). Therefore (iii) holds. Let x € X and assume that » is odd.
Then n = 2k — 1 for some positive integer k. Observe that oo/ (x * x) = c2/(0) > min

{ o/ (x), 0.5}. Suppose that oo7 (x**~! * x) > min{ o</ (x), 0.5} for a positive integer k.
Then

oo/ (PEDTx x) = oo/ (P % x) = oo/ (X! * (x * (x * x)))
= oo/ (x*! % x) > min{ o7(x), 0.5}
which proves (iv). Similarly we obtain (v).
Theorem 3.19. A fuzzy set o</in X is an (€, € V q)-fuzzy B-algebra of X if and
only if the set
U(cl ;1) :i={x € X| oo/ (x) >t}
is a B-subalgebra of X for all t € (0, 0.5].

Proof. Assume that o</ is an (€, € V q)-fuzzy B-algebra of X. Letx, y € U(c%,
t) for t € (0, 0.5]. Then o</ (x) >t and o</ (y) > t. It follows from Theorem 3.17 that

oo/ (x *y) = min{ o/ (x), c/(y), 0.5} > min{z, 0.5} =¢

56



Redefined Fuzzy B-Algebras

so that x * y € U(o?/; t). Therefore U(o%/; t) is a subalgerba of X. Conversely, let oo/
be a fuzzy set in X such that the set
U(el; 1) :={x € X| oo/ (x) >t}
is a B-subalgebra of X for all 7 € (0, 0.5]. If there exist x, y € X such that oo/ (x * y)
< min { o?(x), o/(y), 0.5}, then we can take ¢ € (0, 1) such that A (x * y) < ¢ < min
{ o/ (x), o/ (y), 0.5}. Thus x,y € U(c/; t) andt < 0.5,and sox * y € U(o/; 1), i.e.,
oo/ (x * y) > t. This is a contradiction. Therefore
oo/ (x *y) = min{ oo/ (x), o/ (y), 0.5}
for all x, y € X. Using Theorem 3.17, we conclude that o¢/is an (e, € V q)-fuzzy B-
algebra of X.
We give conditions for a fuzzy set to be an (€, € V q)-fuzzy B-algebra.
Theorem 3.20. If a fuzzy set o</ in X satisfies conditions (ii) and (iii) in
Proposition 3.18, then o/is an (e, € V q)-fuzzy B-algebra of X.
Proof. Assume that o/ satisfies conditions (ii) and (iii) in Proposition 3.18 and
letx, y € X. Then
o/ (x*y) = o (x*(0*(0=*y)) byLemma?2.1
> minf{ o (x), o/ (0 *y), 0.5} by Proposition 3.18(ii)
> min{ % (x), o/(y), 0.5}. by Proposition 3.18(iii)
Using Theorem 3.17, we conclude that o</ is an (€, € V q)-fuzzy B-algebra of X.

Theorem 3.21. Let S be a B-subalgebra of a B-algebra X. For any t € (0, 0.5],
there exists an (€, € V q)-fuzzy B-algebra o</ of X such that U(c</; t) = S.

Proof. Let o</ be a fuzzy set in X defined by

t if xes,

0 otherwise,

ool (x) = {

for all x € X where ¢ € (0, 0.5]. Obviously, U(c%/; t) = S. Assume that o/ (x * y) <
min { c%/(x), o%/(y), 0.5} for some x, y € X. Since #Im( /) = 2, it follows that oo/ (x
* y) =0 and min{ oo/ (x), o/ (y), 0.5} =t¢, and so oo/ (x) =t = o2/ (y), so that x, y € S
but x * y ¢ S. This is a contradiction, and so oo/ (x * y) > min{ o%/(x), o/ (y), 0.5}.
Using Theorem 3.17, we know that o/ is an (€, €Vq)-fuzzy B-algebra of X.
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Theorem 3.22. For any subset S of X, the characteristic function y  of S is an
(e, eVq)-fuzzy B-algebra of X if and only if S is a B-subalgebra of X.

Proof. Assume that y is an (€, eVq)-fuzzy B-algebra of X. Let x, y € S. Then
xs () =1=7y,(),and so x, € y,andy, € y,. It follows that (x * y) = (x * Yain(1)
€Vq y, which yields y (x * y) > 0. Hence x * y € S, and thus § is a B-subalgebra of
X. Conversely if S is a B-subalgebra of X, then y is an (e, €)-fuzzy B-algebra of X.

It follows from Theorem 3.6 that y is an (e, €V q)-fuzzy B-algebra of X.
Theorem 3.23. Let { o</ | i € A} be a family of (€, €V q)-fuzzy B-algebras of X.

Then o</ .= ﬂ@g{ isan (€, € V q)-fuzzy B-algebra of X.

ieA

Proof. Letx,y € Xand?,t, € (0, 1] be such thatx, € o/ and y,, € o%/. Assume

that (x*y) 0, €V g . Then oo/ (x * y) <min{z,, 7,} and o (x * y) + min{z , 7,}
<1, which imply that
oo/ (x *y) < 0.5 &)
LetQ :={i eA|(x*y)mmt 1) € ©%} and
={i € A (X% Y) ) 97 O T € AL (0% ) ingy ) ,94}.
Then A=Q U Q and Q N Q =¢. If Q = ¢, then (x * y)mmt ) € o/, for all

i € A, thatis, oQ/(x *y) > mln{t t,} for all i € A, which yields oQ/(x * y) > min
{t,, t,}. This is a contradiction. Hence Q, # ¢, and so for every i € Q, we
have o%/(x*y) <min{z, ¢,} and QSY/i(x*y)+m1n{tl, t,} > 1. It follows that min{z ,  }
>0.5. Now x,, € oo/ implies oo/ (x) > ¢, and thus o%/(x) > oo/ (x) > ¢, > min{z, 1 } >
0.5 for all i € A. Similarly we get o%(y) > 0.5 for all i € A. Next suppose that
t:=ocof(x*y)<0.5. Takingr <r < 0.5, we getx € co/andy € o, but (x *y)

mm r)

=(x*y) € \/q@%{ . This contradicts that o/ is an (€, € V q)-fuzzy B-algebra of X.
Hence o%(x * y) > 0.5 for all i € A, and so oo/ (x * y) > 0.5 which contradicts (5).
Therefore (x * y)
algebra of X.

€ V q o7and consequently o</ is an (&, € V q)-fuzzy B-

min tl t2

Theorem 3.24. Let f: X — Y be a homomorphism of B-algebras and let o</ and
B be (e, € V q)-fuzzy B-algebras of X and Y, respectively. Then
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(i) Y (PB)isan (e, € V q)-fuzzy B-algebra of X.
(ii) If o satisfies the sup property, i.e., for any subset T of X there exists x, € T
such that
ool (x,) = V{ o/ (x)|x e T},
then f( o) is an (€, € V q)-fuzzy B-algebra of Y when f is onto.
Proof. (i) Letx,y € Xand ¢, ¢, € (0, 1] be such that X, e fY(PB) and Y, e fUR).

Then (f(x)), € 9B and (), € A. Since ABisan (e, € V q)-fuzzy B-algebra of Y,
it follows that

X * D) integ, gy = O # O iy €V qAB
so that (x*y)mm{tl’tz} e V qf(PB). Therefore f1(AB)is an (€, € V q)-fuzzy B-algebra
of X.

(ii) Leta, b € Yand t, t, € (0, 1] be such that a, € f(e/) and bt2 € (/). Then
(fle))(@) 2 t, and (f{ o/))(b) 2 ¢,. Since o/ has the sup property, there exists x € f*
"(a) and y € f(b) such that

o/ (0)=V (7| z € F (@)
and

et () = V{ et/ (w) | w e F1(B)}.

Then x, € o/ and x, € o Since o/ is an (&, € V q)-fuzzy B-algebra of X, we

have (x*Y) .. ., €V % . Now x *y € f'(a * b) and so ({c/))(a * b) 2 o/ (x * y).
Thus

(flee))(a * b) Z2min(z, 1} or (f(c/))(a * b) + min{z , ¢} > 1
which means that (a*b) ., .., €V ¢ f(c/). Consequently, f{o</) is an (€, € V q)-
fuzzy B-algebra of Y.

A fuzzy set oo/ in X is said to be proper if Im(c%/) has at least two elements.
Two fuzzy sets are said to be equivalent if they have same family of level subsets.
Otherwise, they are said to be non-equivalent.

Theorem 3.25. Let X be a B-algebra. Then a proper (€, €)-fuzzy B-algebra o</
of X such that #lm(co/) > 3 can be expressed as the union of two proper non-
equivalent (€, €)-fuzzy B-algebras of X.
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Proof. Let o</ be a proper (&, €)-fuzzy B-algebra of X with Im(c%) = {1, ¢, ..
1}, wheret >t >...>t andn>2. Then
Uleetst)cU(est) ... cU(eH5t)=X
is the chain of e-level B-subalgebras of /. Define fuzzy sets 93 and ¢ 'in X by

noif xelU(ost),
Blo) = t, if xeU(e;t,)\U(c;t)),
t, if xeU(e;t)\U (5t ),

and

t, if xeU(c;t,),
tif xeU (e t)\U(; 1),
r, if xeU(c;t)\U(c; 1)),

T = t, if xeU(e;1)\U(; 1),

t, if xeU(e;t)\U(c;t, ),

respectively, where t, < r, <t and t, < r, < t,. Then Z3 and ¢ are (€, €)-fuzzy B
algebras of X with

Uletst)cU(est) ... c Ut )=X
and
Uleetst) cU(e5t) c Ut t)c. .. cU(et)=X

as respective chains of e-level B-subalgebras, and 983, ¢ < /. Thus 98 and ¢ are
non-equivalent, and obviously 98U % = o<7. This completes the proof.

Note thatevery (€, €)-fuzzy B-algebrais an (e, € V q)-fuzzy B-algebra, but the
converse is not true in general. Now we give a condition for an (€, € V q)-fuzzy B-
algebra to be an (€, €)-fuzzy B-algebra.
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Theorem 3.26. Let o</ be an (e, € V q)-fuzzy B-algebra of X such that o</ (x) <
0.5 for all x € X. Then o</ is an (e, €)-fuzzy B-algebra of X.

Proof. Letx,y € Xand ¢, t, € (0, 1] be such that x, € and y, €c%. Then
oo/ (x) 2 t, and o/ (y) > t,. It follows from Theorem 3.17 that

oo/ (x * y) =2 min{ oo/ (x), o/ (y), 0.5} = min{ o (x), o/ (y)} 2 min{z, 1 }

so that (x *y) €. Hence o</is an (e, €)-fuzzy B-algebra of X.

min{t;,t,

For any fuzzy set oo/ in X and ¢ € (0, 1], we denote
of ={xeX | x,qo7} and [A], ={xeX | x,evqgod}.

Obviously, [c/] = U(c/; 1) U o,

Theorem 3.27. A fuzzy set o/ in X is an (€, € V q)-fuzzy B-algebra of X if and
only if [ %] is a B-subalgebra of X for all t € (0, 1].

We call [o/] an (eV q)-level B-subalgebra of o¢/.

Proof. Let %/ be an (€, € V q)-fuzzy B-algebra of X and letx, y € [o</] fort e
(0,1]. Thenx, € Vq o/ and y, € V q o/, thatis, c%/(x) > tor o/ (x) +t> 1, and oo/
(y)=tor o/(y) +t> 1. Since o/ (x * y) > min{ o/ (x), o/ (y), 0.5} by Theorem
3.17, we have o (x * y) > min {z, 0.5}. Otherwise, x,e\Vqoo/ or ytm@%, a
contradiction. If # < 0.5, then o/ (x * y) > min{z, 0.5} =tandsox * y € U(c/; t) C
[c/].1f t > 0.5, then oo/ (x * y) > min{z, 0.5} = 0.5 and thus o</ (x*y)+t > 0.5+0.5
= 1. Hence (x * y) qo?/, and so x*y € o/ [ o%/] . Therefore [ /] is a B-subalgebra
of X Conversely, let o</ be a fuzzy setin X and ¢ € (0, 1] be such that [ c</] is a B-
subalgebra of X. If possible, let

oo/ (x *y) <t < min{ o/ (x), o/ (y), 0.5}
for some ¢t € (0,0.5) and x, y € X. Then x,y € U(c%/; t) < [o#] , which implies that
x*ye[c/].Hence o/ (x *y) > tor o/ (x *y) +1t > 1, a contradiction. Therefore
o/ (x * y) 2 min{ o/ (x), o/ (y), 0.5}
for all x, y € X. Using Theorem 3.17, we conclude that c%/is an (&, € V q)-fuzzy B-

algebra of X.

Theorem 3.28. Let o</ be a proper (€, € V q)-fuzzy B-algebra of X such that
#{ o/ (x) | o/ (x) < 0.5} > 2. Then there exist two proper non-equivalent (€, € \V q)-
fuzzy B-algebras of X such that o</ can be expressed as the union of them.
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Proof. Let { o/ (x) | o/ (x) < 0.5} = {t,,t,,...,t}, wheret >t >... >t and
r>2. Then the chain of (€ V q)-level B-subalgebras of oo/ is
[e/],scled, clo], ... c 7], =X.
Let P and € be fuzzy sets in X defined by
t, if xe[@ﬁf/]tl,

o |2 AN,

i xeles/ 1\ e,

I

and

o (x) if x e[ ],s,
k if XE[QQ/L2 \[@Q/]o.s’
CE =11, if xeloA]) N\,

t ifxe[eﬁf/]tr\[@ﬁ?/] ,

r L

respectively, where #, < k < z,. Then 93 and ¥ are (€, € V q)-fuzzy B-algebras of X;
and 9B, ¢ < o/ . The chains of (eVq)-level B-subalgebras of 93 and ¢ are,
respectively, given by

[e/], cle], ... cle]

nS .
and
[o/),scle], c...cle],.
Therefore 93 and ¢ are non-equivalent and clearly oo/= 93 U €. This completes
the proof.
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