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Abstract: In this paper, temperature distribution definition of a three–layer slab with one–dimensional
transient cooling was presented via the analytical solution of Orthogonal Expansion Technique
(OET), which results in the exact solution for this form of heat conduction problem. A three–layer
slab consisting of three different materials with different thermal diffusivities and conductivities is
considered and the results of OET were compared with those of the Crank-Nicolson method which is
a Numerical method. Results show that the Orthogonal Expansion Technique(OET) is strongly
capable of solving problems of temperature distribution definition of one-dimensional transient
cooling of multi-layer media.
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1. INTRODUCTION

It is of interest for engineering calculations to propose simple mathematical formulations to
deal with heat conduction problems. The transient–temperature distribution in a composite
medium consisting of several layers in contact has numerous applications in industry [1-3].
Typical applications may be found in the thermal study of building envelopes, metallurgical
processes involving heat treatment of steel strips and in many other industries. These media
are categorized into three groups; “slab”, “cylinder” and “sphere”.

In this paper, the mathematical formulation of one–dimensional transient heat conduction
in a composite medium consisting, three parallel layers of slabs is presented. The analysis of
one-dimensional transient heat condition in a composite slab consisting of several different
layers in contact may be performed following different analytical approaches:
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• The Orthogonal Expansion Technique [4-7]: It is particularly suitable for solving
transient problems of composite medium of finite thickness without internal heat
generation (exact closed-form solution).This technique was developed first by
Vodicka[4].

• The Quasi-Orthogonal Expansion Technique [8,9]: It solves the same composite
domain problems listed before (exact closed-form solution). This technique was
independently developed first by Tittle[8].

• The Laplace Transform method [10]: This method is convenient for the solution of
unsteady problems of composite medium involving regions of infinite and semi infinite
thickness (exact closed-form solution).

• The Green’s function approach [10-13]: Transient problems on conduction of heat in
composite solids with energy generation are usually best solved by this approach
(exact closed-form solution).

• The Galerkin procedure [14-16]: This procedure may be used for accurately solving
several transient conduction problems in composite geometries. Although it gives an
approximateclosed-form solution (quite accurate), it offers the benefits and limitations
one expects from an exact solution.

• The Finite Integral Transform Technique [17]: It allows the unsteady problem for a
multi-region medium with time-dependent heat transfer coefficient to be solved
(approximate closed-form solution).

The book by Ozisik [18] contains a detailed review (in Chapter 8) of one-dimensional
composite media, focusing on orthogonal expansions, Green’s functions and Laplace transform
techniques. Recently, F.de Monte [19] has developed a solution for the two-layer problem
using a ‘natural’ eigenfunction expansion method. He also provides a detailed and wellwritten
introduction in which various solution methods are described and compared. The global (or
’natural’) eigenfunction expansion method has the advantage of making ‘‘the solution consistent
with the physical reality of the problem’’ because the ‘‘transient response the solid to changes
in the outer boundary conditions is strictly linked to the thermal diffusivity’’ [20]. The method
is both ‘‘efficient and simple’’ in the sense that the problem formulation is intuitive and its
solution by eigenfunction expansions is straightforward.

 We generalized this solution method to the three-layer problem. Our three-layer model
describes the simplified case in which all heat transfer occurs only by conduction (no convection,
no radiation, no heat generation, no combustion [21]).

 The layers are initially in temperatures with the distributions respectively defined by F
1
(x),

F
2
(x) and F

3
(x). We want to find temperature distribution for each layer when the boundaries

of the slab are at specific temperatures. The mathematical formulation of this heat conduction
problem is given by[18]:
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where,

p =

0 slab

1 cylinder

2 sphere






And

α =
i

i i

k

c
α =

ρ
where, i, is the number of each layer, α, is thermal diffusivity, K ( )

.

W

m C
 is the heat

conductivity, c
.

J

Kg C

 
   is the specific heat and 3

Kg

m
ρ 

   is the density..

It will be shown that the orthogonal expansion technique (OET) will lead us to transient
temperature distribution in the slab for some different eigenvalues.

2. BASIC CONCEPTS

Consider an S–layer slab in which the S layers are in perfect thermal contact. Initially, the
layers are at temperatures F

1
(x), F

2
(x), F

3
(x),… FS(x). For times t > 0, the two outer boundaries

at x = 0 and x = x
s
 are kept at T*. Now, we try to obtain temperature distribution in the

medium[22].

From Eq. (1), we have
2
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( , )

,iT x t
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∂
∂ (2)

x
i
 < x < x

i + 1
,

t > 0, i = 1, 2, ...., S.

Subject to the initial and boundary conditions, we have:

T(x, 0) = F(x) (3)

T
1
 (0, t) = T*, t > 0 (4)

T
S
(x

s+1
, t) = T*, t > 0, (5)

T
i
(x

i + 1
, t) = T

i + 1
(x

i + 1
, t), t > 0,  (6)
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x x
+

+
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=
∂ ∂ t > 0, at the interface x = x

i+1
, (7)

We know that Eq. (6) implies the continuity of temperature or perfect thermal contact at
the interfaces.

To solve the above heat conduction problem, the variables are separated as follows:

T
i
(x, t) = ψ

i
(x)Γ(t) (8)

When Eq. (8) is substituted in Eq. (2), we obtain:

1

( )
i

i
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dd

x dx dx

ψ α   ψ =
21 ( )

( )

d t

t dt

Γ ≡ −β
Γ (9)

where, β is the separation constant.
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The separation given by Eq. (9) results in the following ordinary differential equations to
determine the functions Γ(t) and ψ

i
(β, x):

2( )
( ) 0,n

d t
t

dt

Γ + β Γ = t > 0. (10)

2 2

2
in n

in
i

d

dx

ψ β
+ ψ

α = 0, 1 , 1, 2, , .i ix x x i S+< < =  (11)

where, ( ),in i n xΨ = Ψ β . The subscript n indicates that there is an infinite number of discrete
values of the eigenvalues

1 2 .... ....nβ < β < β < and the corresponding eigenfunctions ψ
in
.

The boundary conditions for Eq (11) are obtained by substituting Eq. (8) in the boundary
conditions (11) constitute an eigenvalue problem to determine the eigenvalues β

n
 and the

corresponding eigenfunctions ψ
in

The solution for the time–variable function Γ(t) is simply
obtained through Eq. (10), in the form of:

Γ(t) = 2 t
ne−β (12)

And the general solution for the temperature distribution Ti (x, t) in any region i, is
constructed as:

T
i
(x, t) =

2

1
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n
n in
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o e x i S
∞

−β

=

ψ =∑  (13)

We now constrain the solution to satisfy the initial condition of Eq. (3), and obtain the
following equation:

F
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Operating
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irx
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k
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+ Ψ
α ∫ on both sides of Eq. (14) and summing up the three resulting

expressions and also knowing that [7]:
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the coefficients cn can be determined as:
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Now, the solution takes the form of:

T
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where the norm Nn is defined as in Eq. (15).

We need to define the eigenvalues, β
n
, and the eigenfunctions, ψ

in
, to determine Ti(x, t)

absolutely. The general solution, ψ
in
, of the eigenvalue problem given by Eqs. (4-7) and (11)

can be written in the form of:
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1( ) ( ),
1,2, ,

i i
in in in in

x x x
A x B x

i S
+< <

φ + θ
=  (17)

where, φ
in
(x) and θ

in
(x) are the two linearly independent solutions of Eq. (11), and finally, Ain

and Bin are the coefficients. Table 1 lists the functions φ
in
(x) and θ

in
(x) for slabs, cylinders and

spheres. The heat conduction problem of an S–layer composite medium, generally, involves S
solutions in the form given by Eq. (17). Thus, there are 2S arbitrary coefficients of A

in
 and B

in
,

i = 1,2,…, S to be determined. The boundary conditions (4-7) provide us with them. For
simplicity, Ain is assumed to be unity without the loss of generality. Finally an additional
relation is needed to define the eigenvalues, β

n
. The determinant of these 2S coefficients is to

be vanished to result in nontrivial solutions so that the above additional relation is obtained. All
the existing parameters and variables of Eq. (16) are defined to consequently determine
Ti(x, t).

Table 1
Linearly Independent Solutions, 

in
(x) and 

in
(x), of Eq. (11) for

Slabs, Cylinders and Spheres.

Geometry φ
in
(x) θ

in
(x)

Slab sin n

i

x
 β
 α 

cos n

i

x
 β
 α 

Cylinder 0
n

i

J x
 β
 α 

0
n

i

Y x
 β
 α 

Sphere
1

sin n

i

x
x

 β
 α 

1
cos n

i

x
x

 β
 α 

3. APPLICATION

Now we consider a specific form of three–layer slab consisting of the first layer 0 ≤ x(meter)
≤ 0.12, the second layer 0.12 ≤ x(meter) ≤ 0.22 and the third layer 0.22 ≤ x(meter) ≤ 0.3 which
are in perfect thermal contact (figure 1). Initially, let F

1
(x) = 1666.67x + 350, F

2
(x) = –1000x

+ 670, and F
3
(x) = –1250x + 725. When t > 0, the two outer boundaries at x = 0 and x = 0.3(m)

are kept at 350(K). Now, we try to obtain temperature distribution in the medium.

Figure 1: A Schematic View of a Three-layer Slab
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According to table 2 which lists the physical properties of each layer, the equations now
take the following form:

Table 2
Physical Properties of each Layer

Material (kg/m3) k(J/m.s.K) c(J/Kg.K) l(m)

Layer 1 Chrome steel 5% 7833 40 460 0.12

Layer 2 Pure Iron 7897 73 452 0.1

Layer 3 Pure Aluminum 2707 204 896 0.8

From Eq. (1), we have:

( )2 ,

2

1
0, 1,2,3

T T x ti i
i tx

x x xi i
t i

 ∂ ∂
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 < < +

> =


(18)

Subject to the initial and boundary conditions, we have:

T
i
(x, 0) = F

i
(x), (19)

T
1
(0, t) = 350K, t > 0, (20)

T
3
(0.3, t) = 350K, t > 0, (21)

T
1
(0.12, t) = T

2
(0.12, t), t > 0, (22)

T
2
(0.22, t) = T

3
= (0.22, t), t > 0, (23)

1 2
1 2

( , ) ( , )
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x x

∂ ∂
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t > 0, at the first interface x = 0.12, (24)

32
2 3

( , )( , )
,

T x tT x t
K K

x x

∂∂
=

∂ ∂ t > 0, at the second interface x = 0.22, (25)

Since I = 1,2,3 and considering Eq. (20) and Eq. (17) takes the form of:
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 α 

(26)

ψ
2n

(x) = 2 2

2 2

sin cosn n
n nA x B x

   β β
+   α α   

 (27)

ψ
3n

(x) = .i
i

i i

k

c
α =

ρ
(28)

Where .i
i

i i

k

c
α =

ρ
According to Eqs. (26-28) and (12) the boundary conditions (20-25) change into the

matrix form of:
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∆.x = Ω (29)

where,

∆ =
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0 0 sin cos

3 3
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From Eq. (29), A2n, B2n, A3n and B3n are found through Kramer’s method[18]:
where

B
2n

 =
810

cos(36.02 )[2.67 cos(48.65 )cos(87.23 ) 1.94sin(48.65 )sin(87.23 )]β β β − β β
∆

(33)

B
2n

 =
810

cos(36.02 )[2.67sin(48.65 )cos(87.23 ) 1.94cos(48.65 )sin(87.23 )]− β β β + β β
∆ (34)

A
3n

 =
81.94 *10

cos(36.02 )cos(111.22 )β β
∆

(35)

B
3n

 =
81.94 *10

cos(36.02 )sin(111.22 )− β β
∆ (36)
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|∆| = 8 83.91*10 cos(87.23 ) cos(22.11 ) 2.61*10 sin(22.11 )sin(87.23 )β β − β β (37)

To determine eigenvalues, β
n
, we set |∆| = 0. Hence, all the parameters and variables are

found and can be inserted into the following equation to determine Ti (x, t).
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1

( ) .
ix

i
inx

i i

k
x dx

+

=

ψ
α∑ ∫ (38)

( , )i x tT =
32

1 1

1 1

1
( ) ( ') ( ') ',

1, 2,3

t x jj i in
in jn jx jn jn j

k x x x
e x x F x dx

iN

∞
+ +−β

= =

< <
ψ ψ

=α∑ ∑ ∫ (39)

4. THE COMPARISON OF THE RESULTS OF NUMERICAL METHOD AND ORTHOGONAL EXPANSION TECHNIQUE(OET)

Eqs. (18-25) have been solved using Crank-Nicolson method [23] as a numerical method for
four time intervals of 1.5s (∆t = 1.5s), taking 16 nodes (x = 0.02m) and resulting in 64 pieces
of data. One can now list the results as in the form of table 3 as the theoretical temperatures.
To have numerical values from OET, the first 50 roots of Eq. (37) were calculated as eigenvalues
and substituted into Eq. (39), and for four different times of t = 0, t =1.5s, t = 3s, and t = 4.5s,
the results of Eq. (39) were compared with those of the numerical method and shown in
Figure 2. Finally, it was shown that OET is appropriately applicable to problems of temperature
distribution definition in one dimensional heat transient cooling of three-layer slabs to obtain
the exact solution.

Figure 2: The Comparison of the Results of Orthogonal Expansion Technique and the Numerical Method in
Solving Eqs. (18.25).
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Table 3
Theoretical Temperatures(k) and Label of Nodes used for Eqs. (20-25)

X(mm) T at t = 0s T at t = 1.5s T at t = 3s T at t = 4.5s

0 u
1
 = 350 u

17
 = 350 u

33
 = 350 u

49
 = 350

20 u
2
 = 383.33 u

18
 = 383.3304 u

34
 = 383.3307 u

50
 = 383.331

40 u
3
 = 416.67 u

19
 = 416.6696 u

35
 = 416.6692 u

51
 = 416.6688

60 u
4
 = 450 u

20
 = 449.9998 u

36
 = 449.9986 u

52
= 449.9952

80 u
5
 = 483.33 u

21
= 483.3202 u

37
 = 483.2808 u

53
= 483.2046

100 u
6
=516.67 u

22
= 516.1601 u

38
= 515.151 u

54
= 514.1628

120 u
7
= 550 u

23
= 524.5138 u

39
= 523.0289 u

55
= 521.6375

140 u
8
= 530 u

24
= 529.0911 u

40
= 527.3455 u

56
= 525.7332

160 u
9
= 510 u

25
= 509.9669 u

41
= 509.8405 u

57
= 509.6041

180 u
10

= 490 u
26

= 489.9803 u
42

= 489.9014 u
58

= 489.7447

200 u
11

= 470 u
27

= 469.4799 u
43

= 468.4199 u
59

= 467.3392

220 u
12

= 450 u
28

= 435.4154 u
44

= 432.8605 u
60

= 430.8286

240 u
13

= 425 u
29

= 423.2256 u
45

= 420.1359 u
61

= 417.7636

260 u
14

= 400 u
30

= 399.7842 u
46

= 399.0706 u
62

= 397.9959

280 u
15

= 375 u
31

= 374.9741 u
47

= 374.8492 u
63

= 374.5698

300 u
16

= 350 u
32

= 350 u
48

= 350 u
64

= 350

5. CONCLUSIONS

In this paper, by considering the results of the comparison of applying the Crank-Nicolson
method as a numerical method and Orthogonal Expansion Technique (OET) to temperature
distribution definition in one–dimensional transient cooling in a three–layer slab, it was shown
that the orthogonal expansion technique (OET) is strongly capable of solving problems of
temperature distribution definition of one–dimensional transient cooling of multi–layer media,
and that increasing the number of the eigenvalues will converge to the exact solution for this
specific form of problem.

REFERENCES

[1] V. Arpaci, “Conduction Heat Transfer”, Addison-Wesley, Reading (1996).
[2] F. Alhama, A. Campo, “The Connection between the Distributed and Lumped Models for Asymmetric Cooling

of Long Slabs by Heat Convection”, Int. Commun. Heat and Mass Transfer, 2001.

[3] H. Sadat, “A Second Order Model for Transient Heat Conduction in a Slab with Convective Boundary
Conditions”, Appl. Therm. Eng., 2006.

[4] V. Vodicka, “Warmeleitung in Geschichteten Kugel-undzylinderkorpern”, Schweizer Archiv, 1950.

[5] V. Vodicka, “Eindimensionale Warmeleitung in Geschich-teten Korpern”, Mathematische Nachrichten, 14,
1955.

[6] G.P. Mulholland, “M.H. Cobble, Difusion through Composite Media”, Int. J. Heat Mass Transfer, 1972.

[7] M.D. Mikhailov, M.N. Ozisik, N.L. Vulchanov, “Difusion in Composite Layers with Automatic Solution of
the Eigenvalue Problem”, Int. J. Heat Mass Transfer, 1983.

[8] C.W. Tittle, “Boundary Value Problems in Composite Media: Quasi-orthogonal Functions”, J. Applied Physics,
1965.

29



162 International Journal of Nonlinear Dynamics in Engineering and Sciences

[9] P.E. Bulavin, V.M. Kascheev, “Solution of the Non-homogeneous Heat Conduction Equation for Multilayerd
Bodies”, Int. Chemical Engineering, 1965.

[10] H.S. Carslaw, J.C. Jaeger, “Conduction of Heat in Solids”, 2nd ed., Oxford University Press, London, 1959.
[11] S.C. Huang, Y.P. Chang, “Heat Conduction in Unsteady, Periodic and Steady States in Laminated Composites”,

J. Heat Transfer (Trans. ASME), 1980.

[12] Z.G. Feng, E.E. Michaelides, “The use of Modified Green’s Functions in Unsteady Heat Transfer”, Int. J. Heat
Mass Transfer, 1997.

[13] R. Siegel, “Transient Thermal Analysis of Parallel Translu-cent Layers by using Green’s Functions”, J.
Thermophysics Heat Transfer (AIAA), 1999.

[14] A. Haji-Sheikh, M. Mashena, “Integral Solution of Difusion Equation-part I Ð General Solution”, J. Heat
Transfer (Trans. ASME), 1987.

[15] A. Haji-Sheikh, J.V. Beck, “Green’s Function Partitioning in Galerkin-base Integral Solution of the Difusion
Equation”, J. Heat Transfer (Trans. ASME), 1990.

[16] W. Heidemann, H. Mandel, E. Hahne, “Computer Aideddetermination of Closed form Solutions for Linear
Transient Heat Conduction Problems in Inhomogeneous Bodies”, in: L.C. Wrobel, C.A. Brebbia, A.J. Nowak
(Eds.), “Advanced Computational Methods in Heat Transfer III”, Computational Mechanics Publications,
Southampton, Boston, 1994.

[17] Y. Yener, M.N. Ozisik, “On the Solution of Unsteady Heat Conduction in Multi-region ®nite Media with
Time-dependent Heat Transfer coefficient”, in: Proceedings of the Fifth International Heat Transfer
Conference, 1, JSME, Tokyo, 1974.

[18] M.N. Ozisik, “Heat Conduction”, Second ed., John Wiley & Sons, Inc., New York, 1993.
[19] F. de Monte, “Transient Heat Conduction in One-dimensional Composite Slab, A _natural’ Analytical

Approach”, Int. J. Heat Mass Transfer, 2000.

[20] F. de Monte, “An Analytic Approach to the Unsteady Heat Conduction Processes in One-dimensional
Composite Media”, Int. J. Heat Mass Transfer, 2002.

[21] I. Glassman, Combustion, Third ed., Academic Press, San Diego, CA, 1996.

[22] L. Yan, A. Haji-Sheikh, J.V. Beck, “Thermal Characteristics of Two-layered Bodies with Imbedded Thin-film
Heat Source”, J. Electron. Packaging, 1993.

[23] F. G. Curtis, “Applied Numerical Analysis”, Second Edition, Addison-Wesley Publishing Company, Inc., 1978.

30


