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Abstract: The explanation of the unsteady falling motion of immersed bodies in fluidsis present in
several manufacturing processes. In the current study, the acceleration motion of a non-spherical
particle in an incompressible Newtonian environment has been studied using a drag of the form
presented by Chien for a wide range of Reynolds numbers. An analytical expression is gained for
vel ocity, accel eration and position of the particle, using homotopy perturbation method. Equation of
motion was solved generally and for some practical conditions. Results were compared with a
numerical method and very good agreements were obtained. Present investigation shows the
effectiveness of HPM and exhibit a new application of this method for nonlinear problems.

Keywords: Non-spherical Particle, Analytical Solution, Drag Coefficient, Acceleration Motion.

NOMENCLATURE

a,b,cd  constants m particle mass (kg)
A general differential operator N nonlinear part of equation
A Surface of the spherical particle (m?) P embedding parameter
A Surface of the non-spherical particle(lm?) Re Reynolds number
Acc acceleration (m/s?) t time (s)
B boundary operator u velocity (m/s)
C, drag coefficient [0} Sphericity
D particle diameter (m) V] dynamic viscosity (kg/ms)
G accel eration due to gravity(m/s?) p fluid density (kg/m®)
HPM Homotopy Perturbation Method P, particle density (kg/m°)
L linear part of equation Q domain

r boundary of domain
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1. INTRODUCTION

There are many situationsin engineering applicationswhen areliable prediction of theacceleration
motion and terminal falling velocity of particlesin stationary fluids is required. In contrast to
motion of particlesat terminal velocity, much less has been reported about the unsteady maotion
of spherical objectsor particlesin fluids. Common examplesinclude classification, centrifugal
and gravity collection or separation of liquid—solid mixtures, fixed and fluidized bed reactors,
petroleum engineering applications, etc. In these applications, it is often necessary to determine
the trgjectory of particle accelerating in a fluid for proposes of design or improved operation
process [1]. Also for other particular situations, like viscosity measurement using the falling-
ball method or rain-drop terminal velocity measurement it is necessary to know the time and
distance required to reach terminal velocity for a given sphere-fluid combination.

Drag coefficient and terminal velocities of particles are most important design parameters
in mentioned applications. During past decays, avast body of knowledge has been accumul ated
on the steady state motion of spheresin incompressible Newtonian fluids and extensive sets of
datawere collected which resulted in several theoretical and empirical correlationsfor the drag
coefficient, C, in the terms of the Reynolds number, Re. These relationships for spherical
bodieswere reviewed by many authorsin review papersby Clift et al. [2], Khan and Richardson
[3] and Chhabra [4]. A comparison between most of these correlations for spheres by Hartman
and Yutes [5] demonstrated relatively low deviations.

However, in practice, particles are non-spherical and the particle motion is affected by
particle shape and particle orientation. In the case of non-spherical particles, less information
is available in the literature. Some evaluations of the available data against the predictive
correlations have been reported by Chhabra et a. [6], Tang et a. [7] and Yow et a. [8] for
regular shaped particlesfalling in Newtonian media.

Heywood [9] developed an approximate technique to calculate the terminal velocity of a
non-spherical particle. The method was a revision of his method for spheres. He used an
experimental coefficient, to account for deviations from the spherical shape. Haider and
Levenspiel [10] presented a C, — vs— Re correlation for non-spherical particles as follow:
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In above Equation, The Reynolds number and drag coefficient are defined as follow:
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Where F_ denotes the drag force. They also reported a relationship to calculate explicitly
terminal velocities for particles of different shapes. The authors used the concept of sphericity,
@, described by Wadell [11], to account for the particle shape. Wadell [11] described the
degree of sphericity as:
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_A
¢ = A (4)

Where A is the surface of a sphere having the same volume as the particle, and A _is the
actual surface area of the particle. According to this definition, the sphericity of atrue sphere
isequal to 1. The morethe aspect ratio departsfrom unity, the lower isthe sphericity. Predictions
by Haider and Levenspiel [10] showed relatively poor accuracy for particles with @ < 0.67,
therefore, some authors[12-13] try to improve the accuracy of the Haider and Levenspiel [10]
correlations. Chien [12] and Hartman et al. [13] used the sphericity as shape factor. Chien [12]
used the data available in the petroleum engineering and processing literature and proposed the
following expression for drag:
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- = +67.289¢ %9
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where C_ and are again based on the equal volume sphere diameter. Eq. 5 was stated to be valid
in the ranges 0.2 < @ < 1 of and Re < 5000.

The comparison of Chien [12] and Haider and Levenspiel [10] correlationsis presented in
figure 1.
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Figure. 1: Drag Coefficients Versus Reynolds Numbers

Most of previous studies were performed experimentally or numericaly. However, an
analytical expression is more convenient for engineering calculations, and is also the obvious
starting point for a better understanding of the relationship between the physical properties of
the solid-liquid combination and the accelerated motion of the particle. The aim of current
study isto analytically investigation of acceleration motion of afalling non-spherical particle.
We employed the correl ation suggested by Chien[12] for different particle sphericity. Homotopy
Perturbation Method (HPM) was used as an analytical method to gain an exact solution for
bubbles in acceleration and steady movements. Investigation and solution of falling objects’
equation of motion isanew application for HPM which was used for some engineering problems
such fluid flows and heat transfer [14-32].
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2. PROBLEM DEFINITION

Consider anon-spherical particle with the sphericity of @falling from the rest in a Newtonian
viscose medium, under the influence of gravity. Particle will accelerate until the gravitational
forceis exactly balanced by the resistance force that includes buoyancy and drag. The constant
velocity reached at that stage is called the “terminal velocity” or “settling velocity”. The resistive
drag force depends upon drag coefficient which is defined in Eq. (3). Figure 2 illustrates the
schematic view of current problem while a cylindrical particle was considered as an example
of non-spherical particles.

initial velocity = 0

?

Newtonian Fluid

Figure. 2: Schematic View of Current Problem
It was assumed that:
(1) Thereis no mass transfer between two phases therefore the gravity force is constant;
(2) Effect of the confining walls on the particle motion are neglected;
(3) Particlefallsrectilinearly;

(4) The drag (resistance) force on the particle is of aform similar to that under constant
velocity conditions. This approximation is consistent with the previous studiesin this
field [1,33-37].

Under these assumptions, the motion of the particle in afluid can be described by aforce
balance equation. For adense particle falling in light liquids and by assuming p < < p_, Basset
History forceis negligible. Thus, the equation of motion is gained as follow:

du g pO 1 _, , 1 _; du
— = -—g-=—TDPpCu" ——1Dp—
Ma = TOH o H g P TPy (6)

Where C represents the drag coefficient. In the right hand side of the Eq. (5), the first
term represents the buoyancy affect, the second one corresponds to resistance, drag, effect
and the last one denotes the added-mass effect which is due to acceleration of fluid around the
particle.

S
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Substituting Egs.(2) and (5) into Eq. (6) Following Expression is gained:

o 1 Ddu o _pO 1 D% 030p (-5.039) 0
+—TDp = = +67.289¢' % u?
B 51 H 8 %UD Ex (7)

Themain dlfflculty in solution of above equation liesin the non-linear terms due to non-
linearity nature of the drag coefficient, C_. By rearranging parameters, Eq. (5) could berewritten
asfollow:

a%+bu+cu2—d =0, u(0)=0 (8)
where a, b, ¢ and d are constant and gained as follow:
0 1_ .0
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Equation (6) isanonlinear ordinary differential equation which could be solved by numerical
techniques such Runge—Kutta method. We employed HPM to gain an analytical expression for
accel eration movement of the particle. Subsequently, we compared our results with numerical
solution using 4th order Runge—Kutta method with absolute error of 1e — 7 for convergence.

3. ANALYTICAL METHOD

Present problem was modeled by a nonlinear ordinary differential equation. In most cases,
classic analytical solutions cannot be used. So, the equation should be solved using special
methods. In recent decay, much attention has been devoted to the newly developed methods to
obtain an exact solution of nonlinear equations; such Variational Iteration Method (VIM) and
Homotopy Perturbation Method (HPM) [14-32, 38-47]

The Homotopy perturbation method (HPM) is one of the well-known methods to solve
various nonlinear equations that are established by He [38-47] and has been used by many
authorsin[14-32] and the referencestherein to handle awide variety of scientific and engineering
applications: linear and nonlinear, and homogeneous and inhomogeneous aswell. It was shown
that this method provides improvements over existing technigues. One of the advantages of
HPM isthat it provides an analytical expression which easily could be used for similar conditions.

Therefore in the present work we examine the nonlinear equation of motion for a single
falling non-spherical particle and try to obtain its solution using the HPM.

The Homotopy perturbation method is a combination of the classical perturbation and

Homotopy techniques. To explain the basic idea of the HPM for solving nonlinear differential
equations, consider the equation:
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Au)-f(r) =0,rdQ (13)
With the boundary conditions of:
B(u,0u/on) = 0,radr (14)

where A is a general differential operator, B denotes a boundary operator, f(r) is a given
analytical function, I isthe boundary of domain Q and du/on denotes differentiation along the
normal drawn outwards from Q. The operator A can be divided into two parts: alinear part L
and a nonlinear part N. Therefore, Eq. (13) can be rewritten as follows:

Lu)+N(u)-f(r) =0 (15)

In case that the nonlinear Eq. (8) has no “small parameter”, we can construct the following
Homotopy:

H(v,p) = (1- p)[L(v) = L(u)]+ p[A(v) - f(r)] =0 (16)
where,

v(r,p):Qx[01] - R (17)
In Eq. (16), p O [0, 1] is an embedding parameter and u, is the first approximation that
satisfies the boundary condition. We can assume that the solution of considered equation can
be obtained as a power seriesin p, as following:
V= y PV EVoE Py AV, + PR+ Pty e (18)
and the best approximation for solution is:

u-= IAszV0+V1+V2+V3+V4+"' (19)

When, Eq. (16) correspond to Eg. (13) and Eqg. (19) becomes the approximate solution of
the considered nonlinear equation. By increasing the number of series termsin Eq. (18) the
accuracy of the result will be augmented and result could be used as an exact solution.
Convergence and stability of this method is shown in [22].

4. APPLICATION OF HPM

4.1. General Equation
Considering Eq. (8), according to the HPM, the homotopy, Eq.(16) is gained as follow:

BT TP R TR AP
Hv, p) = a_-+bv-pa-_=+bu,g+ pga-_=+bu,gt p(ov' —d) =0 (20)

where in Eq. (16), linear parts of v and u, are as follows:

dv du
L(v) = aa + by, L(u,) = ad_to +bu, (21)
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In our modeling it was assumed that the particle is accelerated from rest. Therefore,

du
0 — —
__uo_

rearranging based on powers of p-terms, we have:

0. and substituting v from Eq. (18) into Eg. (20) and some simplification and

dv, _
P : aE +bv, =0, t=0, v,=0 (22)
pt a%+bv1+cv§—d=0, t=0, v,=0 (23)
dv.
P ad_t2 +bv, +2cv,v, =0, t=0, v,=0 (24)
P a g rbyrof+D =0 t=0,  v,=0 (25
p* : a% +bv, +2cvy, +2cv,v, =0, t=0, v,=0 (26)
p° : a% +by, + oV +2cvv, +20v,v, =0, t =0, v,=0 (27)
dv,
pé : aE + 20V, + 2¢v,V, + 2cvv, =0, t=0, v,=0 (28)

By continuing above terms, higher accuracy will be gained. Solving Egs. (22) to (28)
considering appropriateinitial conditions, we have:

v, = 0 (29)
b
d de?
Vi = 17T (30)
v, =0 . O /0 (31)
ch%eab E—Zt—Dae b 1]
H EH
Vs = - b%a (32)
v, =0 (33)
Czd3e_%t = DZd3D 2a° E+2b2t2+2 ? _g+2abt+4 ﬂbt+ %6 oo
= - a’e? a’e @ ae abt+a’e @ g 2
Vs b°® a’h’ H: H H
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v. =0 (39)

Thus, u will be gained as follow:

u = lim(v + pv + Py, + P, + p'v, + pyg + p°y;...)
p-
M2 0 0 "]
ot cd® pe? /bg-2t - pe @ ot
d de- P PE A TE T B pges
= 0+—- +0- +0+
b b b’a b°
1 0O bt bt bt 20t (] _bt []

_ 243 2.a 22 2, a a 24 a a

P E: d H—Za e® +2bt° +2a’e @ + 2abt + 4ae bt +a‘e ae E+O+... (36)
As it isobvious, solution of terms vary periodically and in each step more duration of the

particle motion is covered. We continued Eq. (36) up to 15" power of p to gain an exact

solution for unsteady particle movement.

4.2. Real Conditions

Mentioned method was applied for real combination of solid-liquid. A single Aluminum particle
of 3 (mm) equivalent diameter was assumed to fall in an infinity medium of water, glycerin or
ethylene-glycol. Required physical properties of selected materials are given in Table 1.

Table1
Physical Properties of Materias

Material Density [kg/m?] Viscosity [Kg/m.g]
Water 996.51 0.001
Ethylene-glycol 1111.40 0.0157
Glycerin 1259.90 0.799
Aluminum 2702.00 -

Inserting above properties into Egs. (9) amd (12), three different combination are gained
which are classified in Table 2.

Table 2
Selected Coefficient of Eq. (8)

Solid Fluid a b c/et-5.03%0) d
Aluminum  Water 0.00001086370637  0.00003534187500 0.2369819790  0.00002366559889
Ethylene- 0.00001167579198 0.0005548674375 0.2643041931  0.00002207137046
glycol
Glycerin  0.00001272544566  0.02823815812 0.2996192666  0.00002001076534

By substituting above coefficients into Eq. (8), different nonlinear equations are achieved
for different sphericity coefficient. Homotopy Perturbation Method was applied to gained
equations and results were compared with numerical method. Figures 3 to 6 depict the falling
velocity profiles of the particles versus time for different sphericity and fluids.
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Figure. 3: Velocity Profiles of Particlewith ¢= 0.3 for Different Fluids, Lines Denote the Numerical Results:
(Solid-line: Weter, Dash-line: Ethylene-Glycol, Dash-Dot-line: Glycerin)
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Figure. 4: Velocity Profiles of Particlewith ¢= 0.5 for Different Fluids Lines Denote the Numerical Results:
(Solid-line: Water, Dash-line: Ethylene-Glycol, Dash-Dot-line: Glycerin)
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Figure. 5: Velocity Profiles of Particlewith ¢= 0.7 for Different Fluids, Lines Denote the Numerical Results:
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Figure. 6: Velocity Profiles of Particle with ¢ = 0.9 for Different Fluids
Lines denote the numerical results: (Solid-line: Water, Dash-line: Ethylene-Glycol, Dash-
Dot-line: Glycerin)
Presented results demonstrate an excellent agreement between HPM and numerical method.
Initially, the gravity force makes the particle fall in the liquid. Velocity of particle is increased
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monotically while reaching the constant value of the terminal velocity. The velocity profiles
show that the particleterminal velocities reduced gradually with augmenting theliquid viscosity.
Also acceleration duration is increased by reduction of liquid viscosity. The effect of particle
sphericity on velocity profile is shown in figures 6 to 8 for each analyzed liquid.
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Figure. 7: Ve ocity Profiles of Particleswith Different SphericitiesFallingin Water Lines Denotethe Numerical
Results: (Dotted-line: ¢=0.9, Dash-line: 9=0.7, Dash-Dot-line: ¢= 0.5, Space-Doted-line: ¢=10.3)
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Figure. 8: Velocity Profiles of Particleswith Different Falling in Ethylene-Glycol Lines Denotethe Numerical
Results: (Dotted-line: @=0.9, Dash-line: ¢=0.7, Dash-Dot-line: ¢= 0.5, Space-Doted-line: ¢=10.3)
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Figure. 9: Velacity Profiles of Particles with Different Falling in Glycerin (With Zoomed Picture for more
detail.) Lines Denote the Numerical Results: (Dotted-line: @ = 0.9, Dash-line: ¢ = 0.7, Dash-Dot-
line: @=0.5, Space-Doted-line: ¢@=0.3)

With the increase of the particle sphericity, the terminal velocity isincreased significantly.
Also acceleration duration and displacement are larger for particle with bigger sphericity.
Outcomes show that for high viscose mediums such glycerin, the difference between terminal
velocities of particles is reduced significantly and could be neglected practical applications.
Accelerationsof particlesduring falling processfor different conditionsareillustrated in figures
10 to 12.
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Figure. 10: Acceleration Variation for different Particle Sphericities Falling in Water .(Dotted-line: ¢= 0.9,
Dash-line: ¢=0.7, Dash-Dot-line: ¢= 0.5, Space-Doted-line: ¢=0.3)
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Figure. 11: Acceleration Variation for Different Particle Sphericities Falling in Ethylene-Glycol. (Dotted-line:
@=0.9, Dash-line: = 0.7, Dash-Dot-line: @= 0.5, Space-Doted-line: ¢=10.3)
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Figure. 12: Acceleration Variation for Different Particle Sphericities Falling in Glycerin. (with Zoomed
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Doted-line: ¢=0.3)
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Outcomes demonstrate that particle with higher sphericity brings higher acceleration duration
and displacement. Also for agiven time, before reaching theterminal velocity (zero acceleration),
smaller liquid viscosity causes higher acceleration.

Using definite and indefinite integration for HPM solution, Eq. (36), the instantaneous
value and general equation of displacement could be found for the bubble during rising procedure.
Figure 13 illustrates the effect of liquid phase viscosity on unsteady particle movement while
the sphericity of the particle is considered to be.

(a) . (b) ® (c) .

0001 -4 0.001 - 0.001

0.002 | 0.002 0.002

Figure. 13: Positions of Falling Particle for different Fluids, ¢ = 0.3, Numbers are in Meter(m) Time Step =
0.03[9], (a) Water, (b) Ethylene-glycol, (c) Glycerin
As it is obvious in figure 13, by increase of liquid viscosity, the falling velocity of the
particle is decreased significantly and particle transverses smaller height of the liquid column.
These value at t = 0.003(s) and for a non-spherical particle with ¢ = 0.3, is approximately
reduced from 0.00048(m) for water to 0.000020(m) for Glycerin. Figure 14 demonstrates the
effect of particle sphericity on unsteady motion of the particle in water.

Results show that the particle with larger sphericity moves faster rather than smaller ones
Figures 13 and 14 depict the quality and quantity of falling process for non-spherical particles

appropriately.
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Figure. 14: Displacements for Particles with different Sphericity in Water, Time Step: 0.003 (s),
(@ 9=0.3, (b) =0.5, (c) =0.7, (d) p=0.9
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5. CONCLUSIONS

In this paper, the analytical Homotopy Perturbation Method (HPM) is applied to obtain the
solution of falling bubble nonlinear equation of motion with drag coefficient in form of Eq. (5).
Equation was solved generally and solution was extended for some real combinations of solid-
liquid. Instantaneous vel acity, accel eration and position were obtained as results and outcomes
were compared with numerical Runge—Kutta method solution. Very good agreement has been
seen between numerical and the current analytical method. This work approved the simplicity
and capability of homotopy perturbation method and explains an exact expression which is
valuablefor engineering problemin the field of powder technology. Thismethod could be used
in wide range of two-phase systems problems.

REFERENCES
[1] J.M.Ferreira, R.P. Chhabra, “Accelerating Motion of a Vertically Falling Sphere in Incompressible Newtonian
Media: an Analytical Solution”, J. Powder Technology, 1998; 97: 6-15.
[2] R.CIift, J.R. Grace, M.E. Weber, “Bubbles, Drops and Particles”, Academic Press, New York, 1978.

[3] A.R.Khan, J.F. Richardson, “The Resistance to Motion of a Solid Sphere in a Fluid”, Chem. Eng. Commun.
1987; 62: 135-150.

[4] R.P.Chhabra, Bubbles, “Drops and Particles in Non-Newtonian Fluids”, CRC Press, Boca Raton, FL, 1993.

[5] M. Hartman, J.G. Yates, “Free-fall of Solid Particles through Fluids”, Collect. Czechoslov, Chem. Commun.
1993; 58(5): 961-982.

[6] R.P.Chhabra, L. Agarwal, N.K. Sinha, “Drag on Non-spherical Particles: an Evaluation of Available Methods”,
Powder Technology, 1999; 101: 288-295.

[7] P. Tang, H-K. Chan, “J. A. Raper, Computation of Drag Coefficient to Predict Aerodynamic Diameter of
Particles with Rough Surface”, Powder Technology, 2004; 147:64-78.

[8] H.N.Yow, M.J.Pitt, A.D. Salman, “Drag Correlations for Particles of Regular Shape”, Adv. Powder Technology.
2005; 16:363-372.



90 International Journal of Nonlinear Dynamics in Engineering and Sciences

[9] H. Heywood, “Calculation of Particle Terminal Velocities”, J. Imp. Coll. Chem. Eng. Soc. 1948; 140-257.

[10] A. Haider, O. Levenspiel, “Drag Coefficients and Terminal Velocity of Spherical and Nonspherical Particles”,
Powder Technology, 1989; 58: 63-70.

[11] H. Wadell, “The Coefficient of Resistance as a Function of Reynolds Number for Solids of Various Shapes”,
J. Franklin Inst., 1934; 217: 459-490.

[12] S.F. Chien, “Settling Velocity of Irregularly Shaped Particles”, SPE Drill. Complet., 1994; 9: 281.

[13] M. Hartman, O. Trnka, K. Svoboda, “Free Settling of Nonspherical Particles”, Ind. Eng. Chem. Res., 1994,
33: 1979.

[14] D.D. Ganji, A. Rajabi, “Assessment of Homotopy-perturbation and Perturbation Methods in Heat Radiation
Equations”, Internat. Comm. Heat Mass Transfer, 2006; 33:391-400.

[15] D.D. Ganji, A. Sadighi, “Application of He’s Homotopy—perturbation Method to Nonlinear Coupled Systems
of Reaction—diffusion Equations”, International Journal of Nonlinear Sciences and Numerical Smulation,
2006; 7(4):411-418.

[16] P.D. Ariel, T. Hayat, S. Asghar, “Homotopy Perturbation Method and Axisymmetric Flow over a Stretching
Sheet”, International Journal of Nonlinear Sciences and Numerical Simulation, 2006; 7(4):399-406.

[17] M. Jalaal, D.D. Ganji, G. Ahmadi, “Analytical Investigation on Acceleration Motion of a Vertically Falling
Spherical Particle in Incompressible Newtonian Media”, Advanced Powder Technology, 2009, doi:10.1016/
j.apt.2009.12.010.

[18] A.M. Siddiqui, A. Zeb, Q.K. Ghori, A.M. Benharbit, “Homotopy Perturbation Method for Heat Transfer Flow
of a Third Grade Fluid between Parallel Plates”, Chaos, Solitons & Fractals 2008; 36(1): 182-192.

[19] D.D. Ganji, A. Sadighi, “Application of Homotopy-perturbation and Variational Iteration Methods to Nonlinear
Heat Transfer and Porous Media Equations”, J. Comput. Math. Appl. Mech. Eng., 2007; 207(1): 24-34.

[20] M. Esmaeilpour, D.D. Ganji, “Application of He’s Homotopy Perturbation Method to Boundary Layer Flow
and Convection Heat Transfer over a Flat Plate”, Physics Letters A, 2007; 372(1):33-38.

[21] D.D. Ganji, M. Jalaal, “Analytical Solution of Nonlinear Heat Radiation Equation with Temperature Dependent
Surface Emissivity”, International Journal of Modern Physics B, Articlein Press.

[22] S.H. Hosein Nia, A.N. Ranjbar, D.D. Ganji, H. Soltani, J. Ghasemi, “Maintaining the Stability of Nonlinear
Differential Equations by the Enhancement of HPM”, Physics Letters A, 2008; 372(16): 2855-2861.

[23] A. Beléndez, T. Beléndez, A. Méarquez, C. Neipp, “Application of He’s Homotopy Perturbation Method to
Conservative Truly Nonlinear Oscillators”, Chaos, Solitons & Fractals, 2008; 37(3): 770-780.

[24] X. Ma, L. Wei, Z. Guo, “He’s Homotopy Perturbation Method to Periodic Solutions of Nonlinear Jerk
Equations”, Journal of Sound and Vibration, 2008; 314: 217-227.

[25] M. Rafei, H. Daniali, D.D. Ganji, H. Pashaei, “Solution of the Prey and Predator Problem by Homotopy
Perturbation Method”, Applied Mathematics and Computation, 2007; 188(2):1419-1425.

[26] B.G. Zhang, S.Y. Li, Z.R Liu, “Homotopy Perturbation Method for Modified Camassa—Holm and Degasperis—
Procesi Equations”, Physics Letters A, 2008; 372(11): 1867-1872.

[27] M. Jalaal, D.D. Ganji, “An Analytical Study on Motion of a Sphere Rolling Down an Inclined Plane Submerged
in a Newtonian Fluid”, Powder Technology, 198, 2010, 82-92.

[28] D.D. Ganji, M. Nourollahi, E. Mohseni, “Application of He’s Methods to Nonlinear Chemistry Problems”,
Computers & Mathematics with Applications, 2007; 54: 1122-1132.

[29] z.Z. Ganji, D.D. Ganji, M. Esmaeilpour, “Study on Nonlinear Jeffery—Hamel Flow by He’s Semi-analytical
Methods and Comparison with Numerical Results”, Computers & Mathematics with Applications, Articlein
Press.

[30] D.D. Ganji, Hafez Tari, M. Bakhshi Jooybari, “Variational Iteration Method and Homotopy Perturbation
Method for Nonlinear Evolution Equations”, Computers & Mathematics with Applications, 2007; 54:1018-
1027.

[31] M. Jalaal, D.D. Ganji, “On Unsteady Rolling Motion of Spheres in Inclined Tubes Filled with Incompressible
Newtonian Fluids”, Advanced Powder Technology, 2010, doi:10.1016/j.apt.2010.03.011.



An Analytical Study on Effect of Particle Sphericity on Falling Process of Non-Spherical Particles 91

[32] A. Sadighi, D.D. Ganji, “Exact Solutions of Nonlinear Diffusion Equations by Variational Iteration Method”,
Computers & Mathematics with Applications, 2007; 54: 1112-1121.

[33] R. Clift, J.R. Grace, M.E. Weber, “Bubbles, Drops, and Particles”, Academic Press, New York. 1978.

[34] A. Bagchi, R.P. Chhabra, “Accelerating Motion of Spherical Particles in Power Law Type Non-. Newtonian
Liquids”, Powder Technology, 1991; 68: 85-90.

[35] H. Heywood, “Proc. Symp. Interaction between Particles and Fluids”, Inst. Chem. Eng., London, 1962, pp. 1-
8.

[36] K.Renganathan, R. Turton, N.N. Clark, “Accelerating Motion of Falling Objects in a Fluid”, Powder Technology,
1989; 58:279-285.

[37] M.M. Denn, “Process Fluid Mechanics”, Prentice Hall, Englewood Cliffs, N.J., 1980: 64-65.
[38] J.H. He, “Homotopy Perturbation Technique”, J. Comput. Math. Appl. Mech. Eng., 1999; 17(8):257-262.

[39] J.H. He, “Approximate Analytical Solution for Seepage Flow with Fractional Derivatives in Porous Media”,
J. Comput. Math. Appl. Mech. Eng., 1998; 167:57-68.

[40] J.H. He, “A Review on Some New Recently Developed Nonlinear Analytical Techniques”, International
Journal of Nonlinear Sciences and Numerical Smulation, 2000; 1 : 51-70.

[41] J.H. He, “Modified Lindstedt—Poincare Methods for Some Non-linear Oscillations. Part I1l: Double Series
Expansion”, International Journal of Nonlinear Sciences and Numerical Smulation, 2001; 2:317-20.

[42] J.H. He, “Homotopy Perturbation Method for Bifurcation on Nonlinear Problems”, International Journal of
Nonlinear Sciences and Numerical Smulation, 2005; 6: 207-208.

[43] J.H. He, “Some Asymptotic Methods for Strongly Nonlinear Equations”, Int. J. Mod Phys B, 2006; 20:1141-
99.

[44] J.H. He, “Linearized Perturbation Technique and its Applications to Strongly Nonlinear Oscillators”, Computers
& Mathematics with Applications, 2003; 45: 1-8.

[45] J.H. He, “Application of He Chengtian’s Interpolation to Bethe Equation”, Computers & Mathematics with
Applications, Articlein Press.

[46] J.-H. He, EEW.M. Lee, “New Analytical Methods for Cleaning up the Solution of Nonlinear Equations”,
Computers & Mathematics with Applications, Article in Press.

[47] J.H. He, Fei Xu, “Nonlinearity as a Sensitive Informative Marker in the ENSO Model”, Computers &
Mathematics with Applications, Article in Press.



