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FOURTH GRADE FLUID FLOW IN FLAT POROUS CHANNEL
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Abstract: In this paper steady flow of the fourth grade fluid inside porous channel with monotonous
injection and suction rates has been analytically i nvestigated with two flat porous platesat y = b and
y = b intervals through HAM method, and the effect of variations in each parameter on velocity
profile has been shown. Theresultsindicatethat velocity profilewill decreaseif R, K, 3 or yincreases.
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1. INTRODUCTION

Nowadays in different industries such as chemical industries, food industries, etc, application
of non-Newtonian fluids is more than Newtonian fluids, since the behavior of these fluids is
more complicated in comparison with Newtonian fluids. Thus numerous models have been
presented to predict their behavior. One of the most important non-Newtonian fluidsisdifferential
type fluids which has been taken into consideration by numerous scientists such as Rajagopal
[1] and Siddigui et al. [2] so that several articles have been presented about flow of these fluids
in various geometrical situations by these scientists.

Thesimplest kind of non-Newtonian fluids, differential type of fluid, is second gradefluid.
Numerous researches have been done on flow of this fluid inside porous channel, convergent
or divergent channel, on porous plate. Another kind of differential fluids which shows amore
complete behavior is the third grade fluid. This fluid has been analyzed inside the porous
channel by Berman [3], Hayat et al. [4], and on the porous plate by Ayub et al. [5]. But, the
most complete differential fluid is the fourth grade fluid whose flow on flat plate has been
analyzed by Sgjid [6] et al, but no research has been reported about flow of thisfluid inside the
porous channel. Flow of athird grade fluid through a porousflat channel has been investigated
by Donald Ariel [7, 8] he has also studied flow of a second grade fluid in porous channel [9].
fourth grade fluid has investigated by V. Marinca et al [10] and T.Hayat et al [11].

In this paper, steady flow of the fourth grade fluid, inside the porous channel consisting of
two parallel platesat y = b and y = -b intervals, has been studied. It is considered that the flow
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is under steady pressure gradient and the fluid enters injection channels with the speed that it
is sucked through the other wall. Equation for the flow of this fluid inside the porous channel
isof fifth grade, while the number of boundary conditions proportionate to no slip condition is
only two. The method to solve this equation is HAM method which was presented by Liao

[12].
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Figure.1l: The Physicad Geometry of the Problem Under Discussion

2. CONSTITUTIVE RELATIONS

Differential type fluids are one of the most important subclass of non-Newtonian fluids. We
consider the fourth grade fluid as a subclass of differential type fluids.

The constitutive law for this fluid is given by:

T=-plHoy A ra, AT B AR, (A A+A A)+B, (ir AY)A
LAY (AA+AA) Y Ay, (A A AL A)
g (tr A) A+ (tr A) A+ (v, tr Ayt (A A)) A

Where T is the Cauchy stress tensor, P is pressure, [ is the viscosity and a,, o

B.(i=1-3),y(i =1-8)are material constant, A (i = 1 —4) are Rivlin- Erickson tensor which
aredefined as:

(1)

A =L+l @
D, v

A2: EA-H_ A+ALDL 3)
D, .

An = D_tAn-l+L An-1+An-l L (n22) (4)

L = V(LIJ =VJ,|) (5)

D
where V isavelocity field, O is the gradient operator, 1y isdefined as:

D 0
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0
Where ot is the derivation with respect to time.

3. MATHEMATICAL FORMULATION

Consider the steady flow of fourth grade fluid in a flat porous channel which is made of two
porous flat plates. The coordinate axis is placed in the middle of channel and two plates are

assumed to be at y = b andy = —b. There is a cross flow which is injected to the channel
through upper wall and is sucked off through the lower wall with the equal velocity.

The flow is assumed to be under the constant pressure gradient.

Let V = (u(x, y), v(X, ¥)) be the velocity field and the governing equations are as follows:

0 ou, duD at, Ot 0Tt,,

—+V— = xp Wy
pEJax ayE T 9dx 9y o0z ()
ov _ovO Jtr, 0dt, Ot
v s W W e
PHOx "VoyB = ax oy | oz (8)
au ov
ax ay =0 ©)

WhereT,,,T,,,T,,,T,,,T,,,T,, are the components of the stress tensor, which will be
defined as follows after substituting Egs. (2) — (5) into Eq. (1):

_ _bta durl | ppy QudU o o du du 2yt Y
= HayH " P20 dy? 2 wdy® de H GHd_H (10)
du d?u du Cdu ,du
=p—+0a,V,— +B, V.’ — + AA
Ty P—dy 1 dy +B, dy? (B Bs)H_H Y1V d4
Cdulf du (12)
+(BY, + 2y, + 2y, +2y5 + 6y, + 2y, )V, 58 o
Oducf du d?u , d Odud?ul
-p+(2a,+a +2V,(3 ——+6y
P+ (2 )B-TE (38, + BZ)d ydy: oh Vo' dyHdydy?H
dudu_ .\ ,0d? utf dul], (12)
+2(v1+v2)Vod—y3OI ; H-TH +2(2V3+2V4+2V5+V6)Ed_5
T,=-p (13)
1,=1,=0 (14)
Ty =T To=T,0 1,51, (15)

Note: because of the same injection and suction velocity we have:
v =YV, (16)
where V, is the velocity of cross flow.
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By substituting Eqgs. (10) — (12) and Eq. (15) into Eq. (7), we obtain:
Od?uO0d u 0

~6{P+ )y

d°u d Odu d?u 0
+yV3i—— +(6y, +2y.+2y, +2y. +6y, +2
Y1Vo dy ( Y, Y3 Y4 Ys Y7 Vs) Oddey dy2 E

du__dp, d’u d 2d4
Vo = +aV
pody Ix udy2 Blo

The boundary condition subjected to the equation 16 is:
ulb) = u(-b)=0
Now we can use the following non dimensional variables:

_pulb pd’ y
U= T BaxB
Substituting Eg. (19) in to Eq. (17) gives us:
d?u du du du dZU d5U
—— R—+RK——=+p,——+p (—)2 Vi
dn® dn dn dn’ dn’

. Ezdu du EUUEfd3UD_
0 dn dn? Hdna dr]SD

And for simplicity, we can write it as the form:
UI!_RUI+RKUIH+ Blu(4)+B(Ur)2 U”+y1U(5) +V(ZJ'U"2 +U!2UHI):_1

where:

_pvob - al _G(B +I33)b DapD2 Blvz ylvo3
R= K=l g=P )b ,
u oo 'P © BoxB P Ty
2bvma f
as (3, +Ya* Vi +Ys +3V5 +Vs)

And boundary condition subjected to equation aboveis:
U-1) = u@=0

4. APPLYING HOMOTOPY ANALYSIS METHOD

In this section we use HAM to solve equation 21 subjected to boundary condition (23).

We select initial guessin the form:

Uyn) =

And auxiliary linear part as:
L[u] = U, (n)-RU,(n)
which has a property as.

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)
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LEC,+C,eM"E = 0 (26)

where C(i = 1, 2) are constants. p U [0, 1] denotes the embedding parameter and 7 indicates
non-zero auxiliary parameters. Then we construct the following equation.

Zeroth-order deformation equation:
(1-P)L A (n:p)=Uo(n)E = pAN [ (n; p)E (27)
U(-1,p)=0, U(1, p)=0 (28)
N Ep(t; p)E=U,, (0. p)-RU, (n,p)+ RKU, . (n,p) + BY,, ., (N. D)

+B (U, (N, P)?* Uy (N, P)+ ¥1U 000 (N1 P)

+v(2un(n, P)Uns (1:P) # (U, (.P)) Uy (1, p))+l

For p =0, 1 we have:

U(n.0)=Us(n) ,U(n.1)=u(n) (30)
When p increase from O to 1 then U(n, p) vary from U (n) to U(n). By Taylor’s theorem
and using Eq. (30) we can write:

(29)

u(m; p)=Uo(n)+iUm( n)p" U,n)= % (31)
Therefore we haven;;rough Eqg. (31):
Ut = o)+ U (n) (32)
mth-order deformation equaf[iorr::_1
LA (M) ~XnUmea (N)EF AR (0) (33)
U.(-)=U,(1) =0 (34)
Rm(n)=Um1(n) RUS (n)+RKU;, ( )+B.U (n) + v, Ui (n) +
Zumlk zg&uk, (n)+v{ui, (nur+2u;,u3E (35)
where:
m<1
EL m=1 (36)

And now by m times derivation of the zeroth order deformation equation (27) with respect
to p and solve them we obtain:

(xe‘R -xet+2ef - - eR)
u,m) = R(e™ &) (37)
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Because of the large size of U,(n),U,(n), U,(n)we show theU, (n) in appendix and
the others schematically as follows for the various parameters of problem.

5. CONVERGENCE OF THE HAM SOLUTION

The convergence and rate of approximation for the HAM solution strongly depends on the
value of auxiliary parameter 1 . By means of so-called 7 -curves, it iseasy to find out so-called
vdid regions of auxiliary parameters to gain a convergent solution series. According to figs.2-4, the
convergence ranges forU " (n) is variable for different values of parameters.
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Figure. 4: Thehvalidity of for R=3,3,=0.2,=5,y,=01y=2 K =01,0205

6. RESULTS AND DISCUSSION

As it can be seen in table 1, the results of HAM solution for 3, =0,y, =0,y =0 (Third grade
fluid) are in very good agreement with the those of exact solution [12]. According to table 1,
among R, K, B by increasing one and while the other two remain fxed, velocity profile will
decrease. The graphs of the velocity variation are plotted with respect to the n for the fixed
B,=0.1,B=5,y,=0.5, K=0.1and different value of R, y. Fig 5 shows the velocity field in
R = 1 and various y, as it can be seen, velocity profile decreases whereas boundary layer
thickness increases. Fig 6 displays variation of U(n) at R = 2 and different y. Figs 7 and 8
shows velocity profile for various y at R = 3 and R = 5 respectively.

Above figures are showing well that by assuming of B, B, y,, K to be constant, the
velocity profile decreases by increasing R, cross flow Reynolds number and y as a fourth
grade fluid parameter. Another interesting point that should be noted is that the effect of y
variation on the velocity profile decreases by increasing R, cross flow Reynolds number.

Also the results show that HAM is a powerful mathematical tool for solving nonlinear
partial differential equations and systems of nonlinear partial differential equations that have
wide applicationsin engineering.

Table 1
The Value of U(1/2) at the Center Line of Porous Channel for Various R,
Cross- flow Reynold’s Number K, the Visco-elastic Fluid Parameter and B Third
Grade Fluid Parameter and 3,=0,y,=0,y=0

R K g u(1/2) h HAM
REF [12] solution

1 0.1 1 0.109334 -0.329 0.109333
0.106976 -0.311 0.106978

Table 1 Contd...
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Table 1 Contd... 5 0.100651 -0.308 0.100647
0.2 1 0.102101 -0.291 0.102103
2 0.099691 -0.289 0.099691
0.5 1 0.087626 -0.281 0.087626
2 0.085471 -0.278 0.085452
2 0.1 1 0.089912 -0.261 0.089925
2 0.088692 -0.252 0.088692
5 0.085708 -0.275 0.085729
0.2 1 0.078179 -0.262 0.078181
2 0.077288 -0.257 0.077291
5 0.075064 -0.264 0.075069
05 1 0.060643 -0.231 0.060646
2 0.060100 -0.229 0.060120
5 0.058690 -0.240 0.058681
5 0.1 1 0.052089 -0.0147 0.052089
2 0.051974 -0.0141 0.051974
5 0.051638 -0.0137 0.051638
10 0.051102 -0.0139 0.051102
20 0.050119 -0.0140 0.050119
0.2 1 0.041948 -0.035 0.041945
2 0.041886 -0.033 0.041829
5 0.041703 -0.037 0.041737
10 0.041403 -0.031 0.041449
20 0.040852 -0.039 0.040849
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Figure. 5: The 8"-order Approximation of U(n) for Various Valueof yat 7 =-0.085p, =0.1,3=5, y, =0.5,

K=01y=124 R=1
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7. CONCLUSION

The effect of R, cross flow Reynolds and y, fourth grade fluid parameter variation on fourth
grade fluid flow in a porous channel have been studied. Analytical solution of the governing
equation has also been obtained by using a homotopy analysis method (HAM). The particular
conclusions drawn from this study can be listed as follows:

1. Thevelocity profiledecreases and boundary layer thicknessincreasesdueto an increase
in cross flow Reynolds R and fourth grade fluid parameter y at B, =0.1,8=5,y, =05,
K=0.1.

2. The effect of y on velocity profile decreases when R increases.
3. Thevaue of velocity for the fourth grade fluid flow in a porous channel is less than

that for the third grade fluid flow in the same condition.
8. APPENDIX
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