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Abstract: In this paper the effects of non-linearity of suspension on dynamic behavior of a railway
wheel set has been studied. Thiswheelset hasfour degrees of freedomwith two constraints. Therefore,
the degrees of freedom has reduced to two. The Vermeulen-Johnson theory has been used to calculate
contact forces between wheel and rail. In this study, the creep coefficients have considered constant.
Any linearization has not been used for obtaining motion equations. Lateral suspension for these
wheelset is dry friction which has been modeled by using Kolesch theory. The Runge-kutta method
has been used for solving these equations and results have been presented to obtain limit cycles due
to hunting behavior of wheel set.
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1. INTRODUCTION

The meaning of stability can be explained easily with this wheel set motion. Stability meansthat
for adlight lateral displacement or yaw angle the wheelset moves back into its central position
with adamped oscillatory parasitic motion. The wheelset motion is considered to be unstable
if for some small irregularities an excited vibration takes place, so that the maximum amplitudes
increase and the parasitic motion isfinally only restricted by flange contact. Asthe geometrical
and physical relations of contact mechanics are extremely nonlinear, attempts were made to
integrate these nonlinearities at least approximately into the stability analysis. The term of
“critical speed” that has used in this paper, refers to the minimum speed of the vehicle for a
given set of system parameters and suspension characteristics beyond which hunting appears
as an undamped motion of the wheelset constrained by the wheel flange and therail. A history
of vehicle stahility implies a retrospective view on 150 or even 200 years [1]. The kinematic
motion of a single wheelset with conical profiles has been well understood at least since
Stephenson [2].

Hans True and Carsten Nordstrom Ensen investigated Cooperrider’s mathematical model
of arailway bogie running on a straight track due to its interesting nonlinear dynamics [3]. In
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their article a detailed numerical investigation was made of the dynamics in a speed range,
where many solutions existed, but only a couple of which were stable. One of them was a
chaotic attractor. Mehdi Ahmadian and Shaopu Yang presented an analytical investigation of
Hopf bifurcation and hunting behavior of arail wheelset with nonlinear primary yaw dampers
and wheelrail contact forces[4]. They showed that the nonlinearitiesin the primary suspension
and flange contact contribute significantly to the hunting behavior. And they also showed that
both the critical speed and the nature of bifurcation are affected by the nonlinear elements.
Yabuno and Okamoto showed, by using the center manifold theory and the method of normal
form, that the nonlinear characteristics of the bifurcation in awheelset model with two degrees
of freedom are governed by asingle parameter, hence each nonlinear force need not be detected
when examining the nonlinear characteristics[5]. Also, they proposed a method of determining
the governing parameter from experimentally observed radiuses of the unstable limit cycle.
Next, they experimentally investigated the variation of the parameter due to the presence of
linear spring suspensions in the lateral direction and discuss the variation of the nonlinear
characteristics of the hunting motion, which depends on the lateral stiffness.

In this paper, hunting problem with four degrees of freedom wheelset has been modeled.
Two constrains are defined for wheelset and therefore, the degrees of freedom decreased to
two. The proposed model has not been studied in dynamics of wheelset, yet. This model can
be more completed by using exact definition of contact between wheel and rail. The type of
suspension in this model is dry friction that has been modeled by Kolesch theory. This theory
is used for modeling of suspension of some bogies such as Y 25. In this research, the effect
parameters in hunting and critical velocity have been studied.

2. MODELING

According to figure (1), for modeling of the wheelset, four degrees of freedom have been
considered in vertical, lateral and also yaw and roll rotations. Three coordination systems,
XYZ, xyz and xXy'Z have defined for motion of wheelset. XYZ is fixed and x'y'Z exists due to
rotation of yaw around Z and xyz exists due to rotation of roll around X. In this condition,
transformation matrix for transform the fixed coordinate on earth into the fixed coordinate on
the wheelset is:

XC [eosy -—cospsing sinysing [TxO
%E= %inlp coqucosq) —sinq)cosw%lg (1)
EZE BO sing cosp  HFH
zll
Right Wheel Left Wheel
Wheelset \ y;
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Figure 1: The Defined Coordinates for Explanation of Wheelset Movement
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There are also two coordinates to define the contacts of wheelset that are shown in figure
(2). Theleft and right contact forces are defined in left and right contact coordinate respectively.
The parametersthat are defined in left and right contact coordinate are determined by subscript

cl and cr respectively.

It should be noticed that wheelset moves in straight line with constant velocity V and
contact surface between wheel and rail is a point contact. Figure (2) shows details of this
contact point. Wheel moves with constant velocity, so speed of rotation of its pitch rotation is
constant. Thus, the angular velocity vector of wheelset can be shown as summation of three

following rotational velocities.

v > N i 77

Y
r+e

Y

Figure 2: The Position of Wheelset on the Rail

(2)

Thus, the total angular velocity of wheelset in fixed wheelset coordinate is defined as

below:

~ a . AV ~
ND=®. +0. +0, = i + sing +— + cosd k
H=®+D,+d, = ¢ ELIJ ¢ rﬁj Y cos¢

(3)

According to figure (2), we can define two constraints for this motion that first constraint

has defined according to figure (3).

Figure 3: Roll Constrain for Wheelset’s Movement
According of figure (3), we can write:

I

clz

B |rcrz
L
r,,andr_, are determined in (20) equations.

sing

(4)

The second equation of constraint was obtained by defining five vectors. Where, vectors,
r, is distance between centre of rail and contact point, T,is the displacement distance on the
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surface of wheel as S due to movement of wheelset and vector T, is distance between contact
point and central of axel of wheelset. Vector T represents the centre of gravity of wheelset
and vector 1, is defined between end of T, and centre of gravity of wheelset. These vectors
have deflned in X'y'Z coordinate. (See flgure 4)

.

fa
‘c\ n

1 A -y
Figure 4: Relation between T, , T, I, I, and I Vectors
Ro= L
, = S(cos(p+y) '+ sin(6+v) k)
[, = rc(—sinq)f + oSO 12) (5)
P, o= L(—cosq)] —sm¢k)
FG = yl]‘l + (Z'+|’C)Q'
The relations of these vectors are shown as below:
N+oL+G+r =T (6)
From eguation (6), the following equations are obtained:
ycosp —zsing = L+Scos(¢p +y)-r. sin¢ — Lcosd (7)

ysing + zcosp +r, = Ssin(¢p +y)+r cosp —Lsing
With eliminating Sfrom equations(7), the final equation for second constraint is obtained
as eguation(8):
zcosy = ysiny-r cos(y +¢)+Lsiny+r cosy-Lsin(y+¢) (8)
The matrices such as T, T', U, U' and are the transformation matrices for transform the
fixed wheel set coordinate to the left contact plane coordinate, the fixed wheelset coordinate to

the right contact plane coordinate, the left contact plane coordinate to the fixed wheelset
coordinate, and right contact plane to the fixed wheelset coordinate respectively.

For calculation of the contact forces and momentums, at first the velocity in contact point
should be calculated. For example, the velocity of left side contact point, from relative velocity
equation isdefined as:

V, = V,+®xT, 9)

cl
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Where
V, = Vi+yj+zk (10)

Therefore, the velocity of left side contact point is calculated as below:

- oo vO O . . 0.
Vcl = 9/ + %lb qu) +E9r°'z - l]JCOS(I)I'c,yHJM + (y_¢rc|z)U21 + (Z +¢rdy)U31E Iy

0o . . v 0O . . 0,

+ %lﬂ Sm¢ +E5r°'z - llJCOSd)rdyHle + (y_q)rclz)UZZ + (Z +¢rcly)U32EJcl (11)
0o . v 0 . . 0

+ %lﬂ Sm¢ +Earc|z - lpcosq)rdyHUla + (y_¢rclz)U23 + (Z +¢rc|y)U33E kcl

The obtaining of velocity of right side contact is similar to left one.

Also, the rotational velocity in the left contact point coordinate is defined as following
equation:;

e o . vQ 0. O o . vQ 0.
Wy =Hb U11+Hll-’ Sln¢+r—aU21+LP Cosq)USchl +EI)U12+H'~IJ an""r_auzz‘“p C05¢U325]c|

O O . vQd Oa
+%DU13 + Ew sind +r_BU23 + COS¢U33%kc|

(12)
According to above equations, dynamics creep of wheelset is defined as below:
VCX
& =V
V
g, =
(‘ocz
&= (13)

In these equations, creep coefficients are assumed constant (f,, f,,, f.,, f,;) and creep
forces are obtained as below relations:

Fc; = - 1:33E X
Fc;/ = - fllzy - leEsp
M. = leEy - fZZESp (14)

These forces are assumed as limit factors and the limitation condition is defined according

as.
1 12 12
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h p?
@EB §+—EFor[3 3
€ = %For[3>3 (15)

Therefore, the contact forces and momentums are defined ag[6]:

ch = EFC;(
Fcy = aFc;’
M, = &M, (16)

Inthisarticle, the contact force due to nonlinear spring which has dead band was simul ated.
Thismodeling is expressed as following mathematical relation:

D_KT(y_B) y>9d
F=0 O -0<y<d (17)
HKT(y+6) y<-9

In this equation, K. and 8 are stiffness of rail and clearance of wheel flange factors
respectively. Figure (5) shows the clearance of flange that is the dead band between wheel and
rail [4].

—

Wheel

Figure5: The Clearance and the Lateral Distance between Wheel and Rail [4]

Also, for suspendinginlateral direction, nonlinear suspension has been used that utilizesin
freight bogies Y25. In this condition, Kolesch’s method[7] has been used for modeling as
following(see section 3) :

C, = C,-C,

g e 2K |"
K = COyH‘L—O.S(sgn(yK)+1)F H (18)
Fsus = ng+K



Non-linear Effects of Suspension on Hunting and Critical Velocity of Railway Wheelset 7

According to modified Euler equations, equations of motion can be written as below [8]:
rny = I:(:IXT:I.Z + I:(:IyT22 +F T1'2 + R T + NcIT32 + Nch3'2 + man) - Fsus + I:T

crx cry 22

M = Py Ry T Rl P T + Ny Ty + N, T + mg coso (19)

clx "1 crx cry 123

I + lpzsin¢ cos¢ (I z "~ Iyy) - InylJ COS¢\ri: Fay (Fcle13 + FcIyT23) ~ Ty, (FchT:LZ + FclyT22)

Hlay (F Ts+F T2’3) oz (F Tp+F T2’2) + N, (rcIyT33 - rchT32)

orx cry orx cry

+Ncr (r T,3_r T3'2)+MdT31+Mch3'1

cry '3 crz

|ZZ(“COS¢_ ' ¢S|n¢)_ quJq)Slnq) :_cly( clx 11+ cly 21)_ cry( crx 1;L+ cry 2,1)

Ty TNy =1, TNy + M Ty + M Ty
Where:
r, = —(r,+Ssiny)
r, = L—Scosy (20)
gz = ~T. *+Ssiny
My = —(L + Scosy)

3. LATERAL SUSPENSION

For suspension modeling of some freight bogies (Y 25), a special kind of friction damper has
been used. Figure (6) shows the mechanical model of this force element [9].

P MWW —
Sriction C

Figure 6: Mechanical Model of Kolesch’s Friction Damper Elements

This model contains a series spring connection with stiffness C; and a frictional damper
with damping force H. Thisspring and frictional damper have been jointed with another spring
with stiffness C, as parallel. When there is a displacement in y direction(extension or
compression), the spring C, will deform until the damper force H is fully created. So the
system is actions similar to a single spring which total stiffness C,:

G, = C,+C, (21)
If the generated force by spring (C,) ismore than the maximum damper force, thefrictional

part of system starts to slide and friction force is generated opposite to direction of motion.
The total amount of friction force is defined as below:

F = C,y+K (22)

friction

I
17777777
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In thisrelation, K isthe existed force in frictional part that is defined as:

A = oo KB
K = Coygl O.5(1+sgn(yK))‘H‘5 (23)

In this stage two different conditions are modeled:
a. The damper force is constant and the maximum amount of H is defined as:

H = I-’ls EFNormaI (24)
b. The damper force is not constant and it is variable as following equation that names as
force dependent.

H = u, (F%,Oad +C,y+ K) (25)

Foeq 1S the force that is considered as preload frictional force. In this article, the

flrst condltlon of Kolesch’s theory is considered.

If we apply the sinusoidal displacement on this force element, we obtain hysteretic force-
displacement diagram. (See figure (7)). According to figure (7), C, is the slope of the dip
motion and C, is the slope of the stick motion in the hysteretic force-displacement diagram. n
affect on the sharpness of this diagram.

Force-Displacement Diagram
300 T T T T T L) T L) L)

200 slip motion —=

100 |

L stick motion

Force
o

-100F sharpness of the diagram

-200 -

_3DD L L 1 1 L 1 1 L L
5 . - . .
Displacement x 10"

Figure 7: Hysteretic Diagram

4. SIMULATION

According to numerical valueswhich have been shown at table (1), equations (4), (8) and (19)
have been solved simultaneously by using Runge-Kutta numerical method. A bifurcation graph
for this dynamical system has drawn in figure (8). Critical velocity of wheelset is considered
33 m/sinthese conditions. Also behavior of wheelset compareto lateral displacement has been
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shown in figure (9). Figure (10) shows the limit cycle behavior. This behavior is defined as
hunting phenomena. With increasing the vel ocity, then limit cyclewill appear. Whilevelocity is
smaller than critical velocity, then thereisno limit cycle and wheelset will return to equilibrium
or central position. Figure (11) and (12) show these behaviors. It should be mentioned that
initial displacement was 8 millimeters.

Bifurcation of wheelsel
1" T T T - r

z
R T SR T T -
y
Tl s g s s s s D e ........ ~
Bl -
. ; i i i i
.7 ] 40 50 C) 70 C4]
Welocily (m/sec)
Figure 8: Bifurcation of Wheel vs. the Velocity Curve
R of latesal displ
b J T T ! !
onosh1 .1l ; 1 J
0.004 - |[-H- 'l I |
1 I |
oozH H n " I I i
E o ! HHHH
" it

i
0y 5 10 15 2 0
time (sec)

i

Figure 9: Latera Displacement Graph of Wheelset at Critical Velocity (Hunting)
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limit cycle of wheelset
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Figure 10: Limit Cycle Graph of Wheelset at Critical Velocity (Hunting)
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Figure 11: Lateral displacement graph of wheelset at v =20 m/s
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- limit cycle of whaelset
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Figure 12: Limit Cycle Graph of Wheelset at v = 20 m/s

5. RESULTS AND DISCUSSION

In this section, nonlinear characteristics of suspension are investigated. While the stiffness of
spring C_=107500 N/m, then critical velocity is equal to 15.7 m/s and limit cycle in terms of
velocity has been shown in figure (13).

limit cycle of wheelset
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Figure 13: Limit Cycle for C =107500 N/m
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Figure (14) shows critical velocity when C = 215000 N/m, also figure (15) shows limit
cycle in terms of velocity when C_ = 537500 N/m and critical velocity is equal to 36.5 n/s.

limit cycle of wheelset

(AT

g ©
P,

o
=

D05 ] T

lateral velocity (m/sec)

latearal displacement(m) W (misec)

Figure 14: Limit Cycle when C, = 215000 N/m

limit cycle of wheelset

latesal velocity (m/sac)

latearal displacement(m) V (iser)
Figure 15: Limit cycle when C_ = 537500 N/m
Figure (16) shows limit cycle in terms of velocity when C_ = 645000 N/m and critical
velocity is equal to 40.1 m/s.
Asresults show, with increasing the Cy critical velocity isincreased. But therearelimitation
in increasing the value of C . The limitation of increasing of C,is the increasing of frequency
of oscillation of wheelset.
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bnit cycle of wheelset
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Figure 16: Limit Cycle when C, = 645000 N/m

For analyzing the variations of damper forces (H), three different cases are considered
that critical velocity has been investigated according to figure (17). H depends on kinetic
friction coefficient of sliding surfaces of suspension system and weight of wheelset and the
load that is applied to axle of wheelset. Variation of the kinetic friction coefficientissmall. The
variation of axle load of wheelset is more affected on value of H. Therefore the empty wagon
is more critical than the full wagon in view of velocity.

10 X 1u‘3 Bifurcation of wheelset
H !

V (misec)

85

9

EY

max|y(m)|
th (2] -~
n (1] n -~ [3,]

Welocity (m/sec)
Figure 17: Bifurcation Graph for Three different Values of Dry Friction Damper Force

5. CONCLUSION

With increasing the values of H and C , the critical velocity of wheelset will rise, but the effect
of C,on increasing of critical velocity is more than H. Therefore, the increase of slipping dry
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friction coefficient or axial load of wheelset will not changethe critical velocity asan important
dynamical parameter of wheelset. Also when velocity is more than critical velocity, the limit
cycle will appear and in this condition, there is an attractor in system.
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Q@ Ty
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Table 1

The Values of Wheel Set’s Constants [4, 6, 7]
Mass of wheelset 1800 kg
roll moment of inertia of the wheel set 625.7 kg.m?
pitch moment of inertia of the wheel set 133.92 kg.m?
Nominal weelset rolling radius 0.533m
Wheel conicity 0.05
Half of track gauge 0.7176 m
Lateral creep force coefficient 6.728x10°
Lateral/spin creep force coefficient 1200
Spin creep force coefficient 1000
Longitudinal creep force coefficient 6.728x10°
Friction coefficient 0.3
Acceleration of gravity 9.81 m/s?
Lateral rail stiffness 1.617x108N/m
flange clearance between the wheel andtherail 0.00923 m
Stiffness of the suspension in slide motion 2.2x10° N/m
Stiffness of the suspension in stick motion 4.3x10° N/m
Damping dry friction force 50N
The parameter denoting the sharpness of the 2

hysteretic force-displacement diagram of the
force element of the suspension

Forward velocity of wheel set

displacement distance on the surface of wheel due

to movement of wheelset

z component of vector that is defined from center of

gravity of wheelset to left contact point

y component of vector that is defined from center of

gravity of wheelset to left contact point

z component of vector that is defined from center

of gravity of wheelset to right contact point

y component of vector that is defined from center

of gravity of wheelset to right contact point
flangeforce

normal force of wheel set

L eft contact force

Right contact force

Left contact moment

Right contact moment
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