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ABSTRACT: This paper considers the application aspect of the generalized one-dimensional Reynolds’ type
equation for Micropolar Fluid Film (MMPF) lubrication to the cases of squeeze film, journal bearing and slider
bearing problems. We obtained analytical expressions for some important physical factors such as load capacity
etc. in lubrication problems. In the case of one-dimensional MPFF lubrication, we observe that the arbitrary
boundary condition taken by some authors does not influence the volume flow rate which is an important physical
factor in lubrication problems.
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INTRODUCTION

Reynolds’ lubricant was a Newtonian fluid. But the latest needs of technology necessitated the consideration of
a class of non-Newtonian fluids as lubricants. One of the mathematical models of non-Newtonian fluids that
have been considered extensively in recent times is that of the Micropolar fluids. Cowin [1] was one of the
earliest to suggest the application of polar fluid theory to the problems of lubrication. Green [2] studied the
problem of slider bearing lubrication, making use of a polar fluid film as a lubricant. He [3] established a
variational theory for Micropolar Fluids in Lubrication Journal Bearing problem. Allen and Kline [4] reviewed
the development of polar fluid theories. Several researchers have eventually studied the problem of lubrication
with micropolar fluids as lubricants. But all these researchers have assumed the no spin boundary condition i.e.
v = 0 on the rigid boundaries and the usual no slip condition V =0 for velocity at rigid walls. Ariman and
Cakmak [5] and Ariman et al [6] also used the no slip boundary condition. In Ariman and Cakmak [5], two
separate boundary conditions were presented. One is the no slip boundary condition and the other one is that the
micro rotation equals the fluid velocity at a solid boundary. Kirwan and Newman [7] felt that the arguments
used to justify the restriction to boundary conditions for micro-rotation to the above two mentioned were not
convincing. Consequently, they felt that the results previously published do not indicate the rich variety of
phenomena that the theory allows for. Later on, Ariman et al [8] in their study of steady and pulsatile flow of
blood, modeled after a micropolar fluid, considered the constant spin condition v' = O on the walls of the tube.
It should be noted that the constant spin condition could be obtained as a special case of the general boundary
condition given by Aero et al [9]. In their review on micro continuum fluid mechanics, Ariman et al [8] noted
that the problem of identification of the best spin boundary condition for fluids with rigid micro elements
remains unsolved even today. Aero et al [9] questioned the relevance of the formulated boundary conditions
reflecting the nature of the interaction of the fluid with the solid surface, which must finally be determined by
experiment. Not many experiments, however, were conducted in this field. Kolpashchikov et al [10] took up the
task of determining the micropolar fluid material constants. Motivated by the work of Kolpashchikov et al [10],
Chenchu Raju et al [11] reconsidered the MPFF lubrication and derived the generalized one-dimensional
Reynolds’ type equation.

In this paper, this equation has been applied to the cases of squeeze film, journal bearing and slider bearing
problems. The work of Prakash and Sinha [12, 13], Allen and Kline [4] has been reconsidered in the light of the
change in the spin boundary condition which is taken as
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where [ is an arbitrary parameter known as the parameter of boundary conditions and is restricted to 0 < < 1.
When 3 = 1, the angular velocity of the fluid equals the spin at the boundary and it is observed in equations (20)
and (21) of [11] interestingly that this will not show any polarity effects in the Reynolds’ equation.

THE SQUEEZE FILM

The problem considered is that of a steady laminar flow of an incompressible micropolar fluid between two
closely spaced plates in relative normal motion. The upper plate moves with a squeeze velocity V towards the
stationary lower plate. No tangential velocity of the plates is allowed. The governing equations are

dp 1 o*u  ov
P _ " on )—+X— (1
dx 2 y 6y
v o
Y= —20v—%—-=0 2)
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The boundary conditions are
B ou
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V= Pou =0 atyv=h 3
2oy u= aty=
Taking U = U,=0in(17) and (18) of [11]
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For B = 0, these expressions coincide with equations (19) and (20) of Prakash and Sinha [12].

The equation of continuity gives
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This is the modified form of the conventional one-dimensional Reynolds’ equation which gives us the equations
of Prakash and Sinha [12] for B = 0. In the case of circular plates, using polar co-ordinates and making use of
axisymetry, the above equation transforms to

li(,,d_pj _ _# 7
rdr\ dr h"F(N,Lh,B)
(i) Circular Pates

The pressure is obtained by integrating the equation (7) with the boundary conditions
d
@ _ Oatr=0
dr
p=p,ar=a
where a is the radius of the circular plate. Thus

Wy @ -rh
4n® F(N,L,h,B)

The instantaneous load supporting capacity w is obtained by integrating the pressure over the surface

)

Ve

w= Ian(p - p,)ar
0
B TcuVOa4
81°F(N,1,h,B)

Assuming the load to be constant, the time taken in reducing the height 7 to a prescribed film thickness 7 is
obtained from the above equation by substituting V, = — dh/dk.

Then

©)

4 h
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For B =0, equation (10) gives the corresponding result of Prakash and Sinha [12].

(ii) Rectangular Plates

The pressure distribution for rectangular plates (infinitely long) is obtained by integrating the equation (7) with
the boundary conditions

p=p,alx==xa
where 2a is the length of the plate. Thus
Vo (a® - x?
p-p,= % (11
2I°F(N,Lh.B)

The load is given by

w=B[ (p-p,)ix

—a
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_ ZHVOBCl3 (12)
3 F(N,1,1P)
and
3 h
o dma 1 1 dh (13)

4W 6 hO h3F(N’l’h’B)

The effect of the parameter of boundary values is reflected in F(N,1A,B).

JOURNAL BEARING

The problem considered is that of steady laminar flow of incompressible micropolar fluid between two eccentric
cylinders in relative rotatory motion. The gap of the clearance ¢, between these cylindrical surfaces is small
compared to the radius of the inner cylinder (journal). This is the traditional journal bearing geometry to lubrication
theory. The bearing is assumed to be infinitely long in the axial direction. The curvature of the fluid film is
neglected since the height of the fluid film is very small compared to the radius.

As a consequence the necessity of employing cylindrical polar co-ordinates is eliminated and one can use the
Cartesian co-ordinate system with x =R 0.

Following simplifications of Prakash and Sinha [13] based on dimensional analysis the problem can be
stated as

op 1 o‘u  ov
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. 2(u x)ayz X@y (14)
o%v du

Y——2xv—x—=0 (15)
oy* oy

Line of centers
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Since x = RO, equation (14) becomes

1op 1 ’u  ov
——=—Q2u+y)—+y— 16
220 2(“ x)ayz X@y (16)
The boundary conditions are
v=-P  aiy=0
2ay,u— aty=
v=P O bay=4 (7)
2(3y’u_ ay=

where 7 is the film thickness given by

h=c(l+ecos)
wherein c is the half of the difference between two radii and is the eccenentricity ratio.

(i) Velocity Distribution
From (17) and (18) of [11], we get, when U is replaced by U and U, by 0,
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Pef () + =P (y—h)
2p

2
+£{ysinhmh —N—g(y)}
D m

BA-NHN? (U Bl
+W?{Bg(” 2y sinhmh pr(y)} (1%
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f(y) = sinh mh sinh my — (cosh mh + 1) (cosh my — 1),
and

g(y) = sinh m#h sinh my — (cosh mh — 1) cosh my-1)

where 0 < B <1. For B = 0, these expressions coincide with equations (22) and (23) of Prakash and
Sinha [13].
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(ii) Pressure Distribution and Flow Flux

The volume flow rate Q is given by

0= @—i [h2+1212 oNin cn™t j BA=N") N)h (212 — Nlh Cthm—h)
2 12u 2 1-BN? u 2

2
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For B =0,

F(N,Lh,B)=F(N,Lh 0 =FN, L h)
of Prakash and Sinha [13].

From equation (21),
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for those values of N, I, i, B such that F (N, [, h, b) # 0.
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Y= (Uh-2 (22)
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Integrating the above equation with respect to 0 and using the boundary conditions
p=0at6=0
p=0atf=mn

the pressure distribution is obtained as

p<e>:%Fl<e>—QFz<e> 23)

where
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and

F(0)= 14516 (25)
3 IBF(NL1B)
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(iii) Load Capacity

The load components per unit length along and perpendicular to the line of centers are obtained in the usual way
by integrating pressure over the bearing surface

Wep = Ipsinede
0

Substituting for p and integrating by parts

Wary = I[ F(0)- Qﬁa«»}mnede
0

ie.,
UuR(1+cosO R(1+cosO
nu=—j‘m( ) 16 Iu( ) 1o 6)
hF(NlhB) hF(NlhB)
Similarly the load component along the line of centre is
Wy = —Ipcos 046
ie.,
_1 J~ UpRsin 0 10— J~ 3uRsmG 27
oh 2F(N,1,h,PB) ol F(N,Lh,B)
(iv) Frictional Drag
The shear stress along the surface is
1 ou 1 B
Ly =—QRu+y)——yv=—C2u+yu' +=yu'
21 2(u x)ay X Z(H x) X
ie.,
1+pN? ),
by =% u (28)
21 ( 2N2 J

(prime refers to differentiation with respect to y)

The shear stress 7 on the journal is

ie.,

2 J—
Ty =p| BB U Y oy - T, (29)
- D 21
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The frictional drag F, per unit length is obtained by integrating the shear stress over the moving surface.

Thus

27

F = [ TyRd0
0

2\27 _
=u]+BN2j(U1LQmmMm—llmj&) (30)
1-pN“ )y D 2u

Fote (31)
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The above results show the influence of 3 on all the physical quantities of interest in the lubrication problem.
When [ = 0 all these results go back to those obtained incorporating the no spin boundary condition. p = 1 gives
the ‘Cauchy condition” where at the boundary the spin is equal to the angular velocity of the fluid and we have
seen in (32) and (33) that this will not reflect any polarity effects in one-dimensional lubrication problems.

We finally study the effect of the changed boundary condition on the slider bearing lubrication, studied
earlier by Allen and Kline [14] with the no spin condition.

SLIDER BEARING

Allen and Kline [4] was one of the early results published in the area of MPFF lubrication. The basic equations
are same as those given by (1) and (2) together with the specific boundary conditions. Allen and Kline [4]
however, followed a different notation. They used p for the classical viscosity and p, and y for micropolar
material constants. To see the results of the present study in the framework of Allen and Kline [4] the following
change of notation must be carried out.

Present Allen and Kline
u u
X 2u,
Y 2k
1
NZ=_ X 2
2pu+y H
m o

The geometry of the slider bearing is well known. In this section we restrict our attention to the specific geometry
associated with a two-dimensional slider bearing lubrication analysis.

We assume that the guide surface is a plane wall of length L at vy = 0 and moves with constant velocity U in
the positive x-direction. The slide block is fixed and its surface is described by y = h(x). The gap widths at inlet
and exit are given, respectively, by

h(0)=nh and h(L) = h,.
The governing equations are
dp 1 u  ov

Lo uty)—+y— 32
Iy z(u x%bz x@/ (32)
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7Y oyv—y L= (33)
8 Y

The boundary conditions are

u:O,V=—E— atv="nh (34)

Replacing U, by U and U, by 0 in (29) and (30),

2 2 2
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sinhmh
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and

h 1 vy 1-B | & coshmh+1 .
v=—rp | === |+ | ——Px ———sinhmy — coshmy
1-BN~ | 4u sinh mh

_ 2
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The volume flow rate Q is given by

h
o=t ) [h2 122 —onmn cothm—j
2 12p 2
B(1-n2 h
+(—2)L P, (212 — NIk COthm—j (37
1-BN* 12 2

For B =0, these expressions coincide with those of Allen and Kline [4] proceeded with the further analysis

mh 2
with the first order term in mh. It is therefore interesting to note that when cothT is replaced by _h the
m

influence of [ is not felt, which suggests that first order approximation amounts to taking p = 0.
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242
o-Un_ {hzmlz_lglz [mﬂ

2 12p 6 +m*h?
2
B(l—N) h oo 4+ mih?
+———t—p, |27 3| ——
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un e n’ 2
Q=" p ot p,— (38)
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1_
o2 = B2
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Therefore
Uh 12 6n°
px{——QJ e (39)
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neglecting the higher powers of n2.
The pressure must now be determined by the use of the equation (39) subject to the boundary conditions

pO)=pL)=p, (40)
Then integrating (39), we obtain
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1
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0
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After integration, using the given boundary conditions, and simplification we obtain

2 2.2 22 _ 22
U{L (1+n J+n m {tan‘lm 5 (6a L)—tan‘lmﬁ8 aH

2| S2a(a—L 6
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Then from (42)
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X

2(. 252 2
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We next compute the resultant pressure by integrating equation (44)
L
P={(p=p,)dx (45)
0

The integrals appearing in (45) can be evaluated numerically.

CONCLUSIONS

The modified Reynolds’ equation [11] is applied in some basic lubrication problems namely those of the squeeze
film, the journal bearing and the slider bearing. The boundary condition V = (B/2)curlV onthe spinis suggested
by the work of Kolpashchikov et al [10] who have used it in explaining the structured character of water from
the micropolar fluid dynamical point of view. They also have determined the micropolar material constants
using this boundary condition. B is called the parameter of boundary values (in the case of one-dimensional
MPEFF lubrication). Earlier an arbitrary value for the spin at the boundary was considered in basic flow problems
by Kirwan and Newman [7]. In the case of one-dimensional MPFF lubrication some interesting features are
observed in the present work.

(i) that the arbitrary boundary condition taken by Kirwan and Newman [7] does not influence the volume
flow rate which is an important physical factor in lubrication problems.

(ii) the parameter of boundary values [ which strictly varies in [0,1]. However, we have seen [11] that the
one-dimensional MPFF Reynolds’ equation obtained in the case of incompressible Newtonian lubricants.
Thus in one-dimensional MPFF lubrication B = 1. i.e., the condition that the spin at the boundary
equals the angular velocity of the fluid does not reflect any polarity effects in one-dimensional MPFF
lubrication. Thus
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(iii) when the boundary condition V = (B/2)curl V is used in one-dimensional MPEF lubrication, P is to be
restricted to the half open [0,1).

(iv) B =0is discussed by several authors. Thus the results of the present paper would be useful for B € (0, 1)

(v) theoretically for various values of B € (0, 1) the present paper obtains analytical expressions for some
important physical factors such as load capacity etc. in lubrication problems.

(vi) the present paper would be useful in studying the effects of B in practical problems when the various
expressions for important physical factors are numerically evaluated in the light of new results coming
up with regards to the numerical evaluation of the micropolar material constants.
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