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EQUIVALENCES IN MAX-MIN DETERMINISTIC
GENERAL FUZZY AUTOMATA OF ORDER n

ABSTRACT: In this paper, we define the notions of max-min deterministic
general fuzzy automata of order n of a max-min general fuzzy automaton,
the overall transition function of a max-min deterministic general fuzzy
automaton of order n, the initialized max-min deterministic general fuzzy
automaton of a max-min general fuzzy automaton of order n and the response
number of an initialized max-min deterministic general fuzzy automaton.
Then by using these notions, three types of equivalence relations are
considered, namely, statewise, compositewise, distributionwise equivalence.
We show that the last two are equivalent. Finally, we define the notions of
the max-min (statewise irreducible, compositewise irreducible,
distributionwise irreducible, effective, statewise minimal, compositewise
minimal) deterministic general fuzzy automaton of order n of a max-min
general fuzzy automaton and find the relationship between them.
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1. INTRODUCTION AND PRELIMINARIES

The theory of fuzzy sets was introduced by Zadeh [9]. Wee [8] introduced the idea
of fuzzy automata. Automata have a long history both in theory and application
[1, 2]. Automata are the prime example of general computational systems over
discrete spaces [4].

A fuzzy finite-state automaton (FFA) is a six-tuple denoted as F= (Q,Z,R,Z,9,
w), where Q is a finite set of states, X is a finite set of input symbols, R is the start
state of F, Z is a finite set of output symbols, & : Q x X x Q — [0, 1] is the fuzzy
transition function which is used to map a state (current state) into another state

101



M. Horry & M. M. Zahedi

(next state) upon an input symbol, attributing a value in the interval [0, 1] and w : Q
— Z is the output function. In an FFA, as can be seen, associated with each fuzzy
transition, there is a membership value in [0, 1]. We call this membership value the
weight of the transition. The transition from state g; (current state) to state g; (next
state) upon input a; is denoted as 8(g;, ax, g;). We use this notation to refer both to a
transition and its weight. Whenever 6(g;, a, g;) is used as a value, it refers to the
weight of the transition. Otherwise, it specifies the transition itself. Also, the set of
all transitions of F is denoted as A.

The above definition is generally accepted as a formal definition for FFA [5,6,7].
There is the important problem which should be clarified in the definition of FFA. It
is the assignment of membership values to the next states. There are two issues
within state membership assignment. The first one is how to assign @ membership
value to a next state upon the completion of a transition. Secondly, how should we
deal with the cases where a state is forced to take several membership values
simultaneously via overlapping transitions?

In 2004, M. Doostfatemeh and S.C. Kremer extended the notion of fuzzy automata
and gave the notion of general fuzzy automata [3]. Now, we follow [3] and give
some new notions and results as mentioned in the abstract.

Let X be a set. A word of X is the product of a finite sequence of elements in X,
A is empty word and X* is the set of all words on X. In fact, X" is the free monoid on
X. The length /(x) of word x € X" is the number of its letters; so /(A) = 0. For a
nonempty set X, IS(X) denoted the set of all fuzzy sets on X and P(X) denoted the set
of all subsets on X.

Definition 1.1: [3] A general fuzzy automaton (GFA) F isan eight-tuple machine
denoted as F =(Q, 2, R, Z, w, d, Fy, F;), where

(1) Qs a finite set of states, Q = {q1, g2, .- » qn},

(i) Z is a finite set of input symbols, X = {ay, ay, ... , an},
(iii) R s the set of fuzzy start states, Rc IS(Q),

(iv) Z is a finite set of output symbols, Z = {by, b, ..., by},

(v) w:Q — Zis the output function,
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(vi) 5: (O x[0,1]) x X x Q — [0, 1] is the augmented transition function,
(vi)Fy : [0, 1]) x [0, 1] — [O, 1] is called membership assignment function.

Function F(p, d) as is seen, is motivated by two parameters p and 5, where  is
the membership value of a predecessor and 0 is the weight of a transition.

In this definition, the process that takes place upon the transition from state g; to
gj on input qy is represented as:
w* (@) = 3((qi, K (9)), s q)) = F1(W'(q), 8(qis ars q))-

Which means that the membership value (mv) of the state g; at time 7 + 1 is computed
by function F| using both the membership value of g; at time 7 and the weight of the
transition.

There are many options which can be used for the function F;(y, 3), for example
max{y, 0}, min{y, 8} or (1 + J)/2.

(viii) F, : [0, 1]* — [0, 1] is called multi-membership resolution function.

The multi-membership resolution function resolves the multi-membership active
states and assigns a single membership value to them.

We let Q,.(t;) be the set of all active states at time #;, V; > 0. We have Q,.(ty) =
R,
Qact(ti) = {(q, “‘ll(q)) . Hq’ € Qac'l(ti—l)9 Ha € 2, 6(‘]’9 a, Q) € A}a Vi 2 1

Since Q,.(t;) is a fuzzy set, to show that a state g belongs to Q,.(#;) and T is a subset
of Qc(t;), we should write: g € Domain(Q,.(t;)) and T < Domain(Q,.(t,)).

Hereafter, we simply denote them as: g € Q,.(t;) and T < Q(1)).

The combination of the operations of functions F; and F, on a multi-membership
state g; will lead to the multi-membership resolution algorithm.

Algorithm 1.2: [3] (Multi-membership resolution) If there are several
simultaneous transitions to the active state g; at time 7 + 1 , the following algorithm
will assign a unified membership value to that:

(1) Each transition weight 6 (g;, ax, g;) together with u'(gy), will be processed by
the membership assignment function F';, and will produce a membership value. Call
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this Vi,
vi = 3((qi, 1(q0)), s ) = F1('(g), 8 (gi» ax» g)))-

(2) These membership value’s (v;’s) are not necessarily equal. Hence, they will
be processed by another function F’, called the multi-membership resolution function.

(3) The result produced by F, will be assigned as the instantaneous membership
value of the active state g; ,

W)= F L v ]= B L TRW 9,804, a,9)))
Where
e  n:isthe number of simultaneous transitions to the active state g; at time 7+ 1.
* 3(qi, ar, gj) : is the weight of the transition from g; to g; upon input ay.
. p’(qi) : is the membership value of q; at time .
r+1

e u (g)) :1s the final membership value of g; at time 7 + 1.

Definition 1.3: Let F = (0, Z, I§, Z,w, S, Fy, F») be a general fuzzy automaton,
which is defined in Definition 1.1. We define max-min general fuzzy automata of
the form:

F~'*= (Q,Z,R,Z,W,S*,E,Fz)
such that :

8 Qur x = x Q> [0, 1]
Where Qact = {Qact(IO), Qact(t]), Qact(IZ), s } and let fOI' every i’ l Z 0

~ . I, g=p
8 b ll b A b =
(g, w'a) P) {0, otherwise

and for every i, i > 1

8 (4. W(9)). us. p) = 8((q. W (9)). s ),
§ (@ @it p)= \/  GUGM (@) :,0") AS(G L (G Dstt, P)),

40y (1)
and recursively
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8 (. (@), ity ..y, p) = V(8(q. @), w1 pr) A (1. WP, w2 p2) A .
A 8((17;1—1, “lnil(pn—l)), Uy, p)|P1 € Qact(tl), P2 € Qact(IZ), ceesPn-1 € Qact(tn—l)}a

in which u; € Z, V1 <i <n and assuming that the entered input at time ¢, be u;, V1 <
i<n-1.

Definition 1.4: [5] Let A = [a;; ] be an n x p matrix and B = [b;; | be ap x m
matrix of nonnegative real numbers. Let A ® B be the n x m matrix [c;; ], where

ci=Vd{axANby:k=1,2,...,p}.

Note: Let A be a matrix. Then p(A) denotes the set of distinct rows of A. In the
rest of this section, X and Y denote collections of sequences of real numbers.

Definition 1.5: [5] (i) Let X = {x1, x, ..., x,}. A max-min combination of X is
an expression of the form

\/(Cli /\xl-), (1)
i=1
where q; is a nonnegative real number, i=1,2, ... ,n. I[f0<q; <1, fori=1,2, ...,

n, then (1) is called a convex max-min combination of X.

(i1) The (convex) max-min span of X is the collection of all (convex) max-min
combinations of finite subsets of X. Let C(X) denote the convex max-min span of X.

(ii1) Yis called a convex max-min set if for every y;, y, € Y, all convex max-min
combinations of {y;, y,} are also in Y.

(iv) Let x € X and T, be the set of all distinct terms of x. Then x is called admissible
if T, is finite and T can be effectively constructed from x. X is called admissible if
every x in X is admissible.

Theorem 1.6: [5] (i) X < C(X),

(1) If X; < X,, then C(X)) < C(Xy),

(i) C(C(X)) = C(X).

Definition 1.7: [5] Let Y be a convex max-min setand X C Y.

(1) X is called a set of generators of Y if ¥ = C(X),
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(i1) If X does not contain any proper subset which is itself a set of generators of
Y, then X is called a set of vertices of Y.

Theorem 1.8: [5] Let X — Y. Then X is a set of vertices of Y if and only if

(1) Y=C(X) and

(i) If x € X, then x ¢ C(X\{x}).

Definition 1.9: [5] Let X;, X, < Y. Then X is called a basis of X, if every x € X,

can be expressed uniquely as a convex max-min combination of a unique finite
subset of X.

Definition 1.10: [5] Let Y be a convex max-min set. Y is called finitary if it
contains a set of generators that is finite.

Theorem 1.11: [5] Let A be a matrix. Then C(p(A)) is admissible and finitary.

Theorem 1.12: [5] Let Y be a convex max-min set, admissible and finitary and
let X1, X; be sets of generators of Y. If |X;| > |X;|, then there exists x € X, such that x
e C(X\{x}).

2. EQUIVALENCES IN MAX-MIN DETERMINISTIC GENERAL
FUZZY AUTOMATA OF ORDER n

Definition 2.1: A max-min determmlstlc general fuzzy automaton of Fof order nis
anine- tupleF (0,%, R Z, W, 8 ,Fi, Fo,w), where F* =(0, %, R Z, W, 8 , Fr1, F?)
is a max-min general fuzzy automaton, w = uuous ... i, is a fixed element of %",
/(w) = n and assuming that the entered input at time #; be u;, foreveryi=1,2, ... ,n.
The overall transition function qlNF " of F’; is a function from Q,., X X' into [0, 1]

defined as follows:
qF" ((q H fit (Q)), u; 1+1 Mn) = \/ S*((qa Htiil (q)),ui“m .o Uy 76],)
q,eQa(‘t (tn)

foreveryi=1,2,...,n,q € Qu(ti1), where X' ={u;u;y ... u,:i=1,2,... ,n} and
Qacm = {Qact(IO), Qact(tl), Qact(IZ), ceey Qact(tn—l)}'
Furthermore, let Q" (uj us ... u,) = [a;],x1 be the column matrix, where a; the i-

th row is defined by
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a= V q" " ((g.u"" CORTINER i=1,2,...,n
quu('t (tifl ) ’ © ’

Example 2.2: Consider the followmg GFA with several transition overlaps. It is
specified as: F= (0, %, R Z, W, 8 F\, F,), WhereQ {q0, 91, 92, g3, q4} 1s the set of
states, X = {a, b} is the set of input symbols, R= {(q0, 1)}, Z=10, wis not applicable
and

3(qo, a, q1) = 0.4, 8(qo, a, q4) = 0.5, 8(qo, b, g3) = 0.3,
3(q1, a, g2) = 0.8, 8(q1, a, q4) = 0.35, &(q1, b, q3) = 0.3,
3(q2, a, q1) = 0.75, 8(q2, b, 2) = 0.6, 8(q2, a, q3) = 0.2,
8(q2, b, q3) = 0.45, 8(q3, a, q1) = 0.4, 8(g3, b, q4) = 0.9,

8(614, a, C]l) = 04’ 8(614, b’ 612) = 01’ 8(614, b’ 613) = 07’
and

Fi(p, 8) =38, F0 = 1" (g) = A\ F1(1'(90: 8(gis as gn)),

i=1

2Fi(u, 8) = min(y, 8), F20 ="' (gm) = A\ F1(W'(9), 8 (Gi> @i Gm))),

i=1

*Fi(u, 8) = min(y, 8), F20 = ™' (gm) =\/ (F1(1'(9), 8(gi> ar gm))),

i=1

*Fi(u, 8) = max(w, 8), F20 = 1 (gn) = A (F1( (@), 8(g> s> Gm))),

i=1

*Fi(, 8) = max(, 8), F20 = 1! (gn) = \/ (F1(1(q), 8(gi> @s> Gm))),

i=1

°Fi(n, ) = min(, 8), F20 = 1" (gn) = D Fi('(g), 3(qs ax, )/,

i=1

"Fi(u, 8) = TS 20 = “Hl(Qm)_\/(Fl(“-(%) 3(gi ars Gm)))»

where 7 is the number of simultaneous transmons to the active state g,, at time 7+ 1.

If we choose 'Fy(, 8) =8, F>() = 1™ () = /\(F 1(W(q), 8(qis axs gm))), then we
i=1
have :
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uqo) = 1, W'(q1) = F1(1"(q0), 8(qo, a, 1)) = F1(1,0.4) = 0.4,

W'(gq) = F1(u"(q0), 8(qo, a, q4)) = F1(1,0.5) = 0.5,

“lz(ql) = Fl(“ll(q4)9 8(q4’ a, C]l)) = FI(OS, 04) = 049
“lz(qZ) = Fl(“ll(q1)9 S(qla a, C]Z)) = F1(04, 08) = 089
W(gs) = Fi(W'(q1), 8(q1, a, g4)) = F1(0.4, 0.35) = 0.35,

“13(q2) = Fl(“lz(q4)9 8(q4’ b’ C]Z)) A Fl(“lz(q2)9 8(‘]% b’ QZ))
=F;(04,0.1) AF(0.8,0.6)=0.1 A0.6=0.1,

“13(q3) = Fl(“lz(q1)9 8 (qla b, CIS)) A Fl(“lz(q2)9 8(q2’ b, CIS)) A Fl(“lz(q4)9 8(q4’ b, CIS))
=F;(0.4,0.3) A F1(0.8,0.45) A F1(0.35,0.7)=0.3 A0.45 AN0.7=0.3,

which there are two simultaneous transitions to the active state g, at time #3 and

there are three simultaneous transitions to the active state g3 at time #3. So, we can

draw the following table:

Table 1
Active States and Their Membership Values (mv) at Different Times in Example 2.2

time to I3 15) I3 I4

input A a a b b

Qucdti)  qo q1 q4 q1 92 g4 92 q3 92 q3 qa
my' 1.0 04 05 04 08 035 01 03 06 045 09
my? 1.0 04 05 04 04 035 01 03 01 01 03
my’ 1.0 04 05 04 04 035 04 04 04 04 04
my* 10 10 10 10 10 10 10 1.0 10 10 1.0
my’ 10 10 10 10 10 10 10 1.0 10 10 1.0
my° 1.0 04 05 04 04 035 025 035 025 025 0.35
my’ 1.0 07 075 0575 0.75 0.525 0.763 0.613 0.682 0.607 0.756

The operation of this fuzzy automaton upon input string a*b? is shown in Table 1

for different membership assignment functions and multi-membership resolution

strategies. In this table, we have considered different cases for combining functions
F| and F5.

Now, we consider the max-min deterministic general fuzzy automaton
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Fy=(0,%,R Z, w, 8", F,, F), aq)

of " of order 2, where 'Fi(, 8) = 8, F20) = 0" (gm) = A\ (Fi(W(@), (s> axs Gm))-
i=1

a

Then we have QF ;(aa) = [ ] such that

a,

a= \/ ¢"@.1"@).aa)=q" (g1 (gy)).aa)

quuct (t())

=/ §q.1"(gy).aa.q")
q'€Q,e(12)

= 8"((q0, (q0)), aa, q1) A &' (o, W(qo)). aa, g2) V 8 (g0, (o)), aa, qa)

= ([3((qo, W(q0)). @, g1) A (g1, ' (q1)), @ g1 V [8((qo, W(q0)), @, qa)
A 8((q4, (qa)), a, aD)) V ([8((qo, 1°(q0)), a. 1) A 3 ((q1, (1)), a, 42)]
V [8((q0, '(q0)), @, g1) A 8((qas W'(ga)), @ @)1 V ([8((qo, (q0)), @, 1)
AB8((q1, 1(gD), a, g V [8((qo, H(q0)), a, qa) A 5(q4, 0 (qa)), @, 44)])

= ([F1(1"(q0), 8(qo, a. 1)) A F1(u''(q1), 8(q1, @, g)1 V [F1(1(qo), 8(qo, a, g4))
A Fi(u'(qa), 8(qa, a, )] V ([F1(1"(qo), 8(qo, a, q1)) A Fi(''(q1), 8(q1, a, ¢2))]
V [F1(0(qo), 8(qo, a, q2)) A Fi(u'(qa), 8(qa, a, g))) V ([F1("(qo), 8(qo, a, 1))

A Fl(“ll(ql)’ S(C]b a, 614))] \ [Fl(“lo(q())’ 8(610, a, 614)) A Fl(Hll(CM), 8(614, a, 614))])
=[04AN0)VOS5N04)]VI[041N0.8)V(O05A0)]VI[0.4A0.35)V(0.5AN0)]
=04Vv04V035=04,

a=\/ 4" (q1"@).a)=q" (q.1"@). 0V ¢ (s 1 (qs). @)
qeQ,., (1)

=[ \/ §Wr'@).agdVL \/ § (4su"qs))a q)]

q"€0,c¢ (1) 4'€Qucr (1)
= [S((QI, “ll(ql)), a, QI) Vv S((QI, “ll(ql)), a, QZ) Vv S((QI, “ll(ql)), a, Q4)]

V[S((CM, HZI(CM)), a, QI) \% S((CM, HZI(CM)), a, Q2) \% S((CM, HZI(CM)), a, Q4)]
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=(0Vv08Vv035V(04VvOoVv0)=038.

So we have

ng;( ) 0.4
aa) =
0.8
Definition 2.3: Let F : =(0,Z,R, Z, w, 8*, F\, F>, w) be a max-min deterministic

general fuzzy automaton of F of order and qgi=1{q9" :q € Q.t)},i=0,1, ...,
n— 1. An active state distribution of is F : a function n from Q ={q0, q1>---» Gn-1}
into [0, 1]. n is said to be concentrated at ¢g; € Q if n(g;) =1 and n (g) =0, Vg;
cO\g;}-

Definition 2.4: An initialized max-min deterministic general fuzzy automaton
of F " of order n is an ordered pair (}~7 :, 1), where F : 1s a max-min deterministic
general fuzzy automaton of F" of order n and 1 is an active state distribution of F .
If 1 is concentrated at g; € Q, we write (1‘~7 " q:) for (F:, n).

Definition 2.5: Let / = (}~7 :, 7)) be an initialized max-min deterministic general
fuzzy automaton of Fof order n. Then the response number r(w) of I is defined by

r(w) = rugy ... ug) = \/ NG ) A}

i=1
where g, is the i-th row of Of" (uju, ... u,).

Definition 2.6: Let 1; be an active state distribution of F Zl and mn be an active
state distribution of F:z , Where Fi =(0, %, I%, 7, w, 8*, F\, F», w;) is a max-min
deterministic general fuzzy automaton of F* of order n,fori=1,2,wi=ujurus ...
Uy, Wo=uubus ... uh, I = (Fil, N1 and I, = ( 1722 ,N2). Then I; and I, are called
equivalent, denoted by I} ~ I, if r; (wy) = ri,(wy).

Definition 2.7: Let 77; and 1, be two active state distributions of F . Then 1 and
1, are called equivalent, denoted by n; ~ np, if (F:, n)~ (}7“:, n2)-

If 1 is concentrated at g; € 0, then we write g; ~ 1, for i~ N2

Example 2.8: In F > introduced in Example 2.2, we have go={q0}, 91= {41, 94},

0= {6_]~0, q1}- Letn1(qo) = 0.5, M1(g1) = 0.9, Ma(qo) =0.6, na(q1) = 1, [; = (F 3, M) and
I, = (F3,M,). Then we have
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ry(aa) = (M1(qo) A ar) V (Mi(g1) A az) = (0.5 A 0.4) v (0.9 A 0.8) = 0.8,
ri(aa) = (12(qo) A a) V (na(g1) A az) = (0.6 A 0.4) V (1 A 0.8) =0.8.

So we get that n; ~ 1s.

Theorem 2.9: Let I; = (}7“:1, n) and I, = (}7“:2, 12), where 7); is an active state
distribution of ﬁ:i, ﬁ:l =00, %, I~€, Z, w, 8*, F\, F», w;) is a max-min deterministic
general fuzzy automaton of F" of order n, Q,- = {(;]0)1', (qDis -+ » (qu-1)i}, fori=1,2,
W1 = Uiz ... Uy, wy = uuu’ ... uy. Then I ~ I if and only if

(M (o)) Mi(@)y) ... mU(G,_)D)]I® QF:l (i, ...u,)

= M(@)s) M(@)a) - (@) ® Q7 it ...

Proof: Let I; ~ I,. Then r;,(w) = ri,(w2). So we have

\V (@)D A} =\/ (N ((Gi-)2) N af}
i=1 i=1

~%

where qg; is the i-th row of QF"l (uyuy ... u,) and a} is the i-th row of QF”2 (uhuh ...

uy,). By Definition 1.4, we get that

(@) - (@) - (@) D] © Q7 (s .. 10,)

=[M2(@0)2) - M2(@D)2) - MA@ ® Q" (uiuth ... up).
The converse of proof is similarly.

Theorem 2.10: Let F : =(0, %, I§, Z,w, S*, F,, F>,w) be a max-min deterministic

general fuzzy automaton of F* of order n,W=ujlis ... U, Q_= {q0, 91, .-+ Gn-1},

qi= q;,forsomei=jandi<j. Also let S*((q, Wi(q)), tip1Uisa ... Up, q') = S*((q, pY
(@), Ujr1ltj 42 -.. Un, 4'), Vq € Gi=q;, Vg € Quelty). Then gq;~ g;.

Proof: Let QF” (ujusy ... u,) = [a;l,x1- Then we have

ajy1 = \/ q"" (g, Hli(CI)), Wis1Uis ... Up)
q<4;
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VAR VAR X (CATCHRTITER )

qEqi q,eQa('t (tn )

aj.1 = \/ C]F" ((C], “ (C])) Ujr1Ujyd .. )
qeql

~ .
= \/ \/ S ((q’ “lj (CI)), uj+luj+2 cee Uy, C]’)
qEij q,EQa(‘t (tn)
By hypothesis, we get that a;,; = aj,1. Let n; be concentrated at g; and n;, be
concentrated at ¢g; . Now, since a;,1 = aj,1, then we have

[11G0) (@) . M1(Gn)] ® OF" (uytts ... uy)

= [M2(G0) M2(qD) - M2AG)) - M2A(Gu-)] ® O (watay ... wy).
By Theorem 2.9, we have n; ~ n,. Therefore g; ~ ¢;.

Definition 2.11: Let Fn1 (Q 2, R Z,w, 5 , F1, F>, w;) be amax-min deterministic
general fuzzy automaton of F" of order n,fori=1,2 Q5 = {Cq0)1, (g1 ---

(o)1) and Qr = {(G0)2 (G1)2s -+ » (Gu1)2}» Where wy = ujtiouts ... y, Wy = uusus
.. u). Then

@) F :1 and F :2 are called statewise equivalent, denoted by F,~F, ny» 1f for
every (g1 € Oy, there exists (g)2 € Q, such that (F, np> (q,)l) ~( F, n s
(gj)2) and vice versa.

(i1) F, ny and F, n, are called compositewise equivalent, denoted by = f?
if for every ( g;); € Ql, there exists an active state dlstrlbutlon n of F
such that (F :1, (g ~(F :2, 1) and vice versa.

(ii1) F :1 and F :2 are called distributionwise equivalent denoted by 2 :1 ~F :2 if
for every active state distribution nl of F, ni> there exists an active state

distribution n; of F, n, such that ( F, np N1 ~ ( F, np» T2) and vice versa.

Theorem 2.12: Let F n=(Q, Z, R, Z,w, Ry , Iy, F, w;) be amax-min deterministic
general fuzzy automaton of F * of order n,fori=1, 2, where wy = ujuous ... u,and
wy =u'lubu ... u
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() Fr~Fryifandonly if p(Q™ (uyu .. 1)) = p(Q"™ (it ... up)),
(i) Fy =F. ifandonlyif p(Q™ (s ... up)) < C(p(Q"™ (uius ... u}))) and
p(Q"™ (b ... up)) < C(P(Q"™ (uyuy ... uy))),

(iii) F), ~ F, if and only if C(p(Q"™ (uyuz ... un))) = C(p(Q™™ (it ... ul))).
Proof: We prove the part (i), the other parts are proved similarly.

=) Let F, ~ Fo. (qo)1 € Q1 Q™" (uytty ... ) = [a]r and Q" (uius ... up)
=[a!],.x1. Then there exists (Z]j)z € QQ such that ( F:l , (o)1) ~ (F:z, (gj)2)- Thus by
Theorem 2.9, we have

100 ..01®0™ (uy...u)=[0 ... 010 ... 0]® Q™ (s ... ut}).

So a; = aj,;. By replacing ( go); with (gy)1, ... , (gn-1)1, we have

P(Q™ (ittz ... u) € p(Q"™ (it ... uy)).
Similarly, we get that

PO (Witdy ... u) € p(Q"™ (rty ... ty).
<) The proof is easy.

Corollary 2.13: Let F :i =(0, %, I~€, Z,w, 8*, F\, F>, w;) be amax-min deterministic
general fuzzy automaton of F" of order n, fori=1, 2, where wy = ujuous ... u, and
Wy = ujubus ... uy,. IfF:1~F:2 , thenF:1 ;F:z.

Proof: Let }7‘:1 ~ ﬁ:z . Then p( QF”l (Ui ... uy)) = p(QF”2 (u'yuh ... uy)). By

Theorem 1.6 (1), p( QF”l (uuy ... uy)) < C(p( QF”l (uyuy ... uy,))). Thus we have

o QF:‘ (Wit ... ) C(p(Qﬁ2 (uhuy ... up))).

Similarly, we have
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p(Q"™ (s ... up)) € C(P(Q"™ (uyuy .. uy))).
Therefore :1 ~F :2.

Corollary 2.14: Let F ::i =(0,Z%, I§, Z,w, S*, F\, F», w;) be amax-min deterministic
general fuzzy automaton of F * of order n, fori =1, 2, where wy = ujuous ... u, and
wy = u'ubu’ ... u,. Then F:l ~ F:z if and only if F:l ~ F:z.

Proof: Let f’:l = }7“22 . Then p( QF”l (uyiy ... uy)) C C(p(QF"2 (uhub ... u"))) and
p(0"™ (s ... ul)) = C(p(Q™™ (uyus ... up))). By Theorem 1.6 (ii), we get that

COO™ (it ... u))) < CCP(Q™ ity ... ul)))),

CO(O™ ity ... 1)) < CCP(Q™ (it ... un)))).

By Theorem 1.6 (iii), we have
CE(Q™ (s ... uy)) < C(P(Q"™ (Wit ... uly))),

C(p(Q"™ (uhty ... u)) € C(P(Q™ (wy ... uy))).
So F :1 ~F :2. The converse of this corollary is obvious.

Definition 2.15: Let F, = (Q, =, R, Z, w, & , Fy, Fa, w) be a max-min deterministic
general fuzzy automaton of F " of order n. Then
(1) F . is called statewise irreducible if for every g;, gj € 0, q; ~ q; implies
qi= gjs

(i1) F ., is called compositewise irreducible if for every ;1,~ €0 and active state
distribution 1 of F : , g; ~m implies n(g;) >0,

(iii) F ., is called distributionwise irreducible if for every active state distributions
N and n; of F: , N1 ~ M2 implies N = 1.

Theorem 2.16: Let F : =(0,%, R ,Z, W, 8*, F\, F5, w) be amax-min deterministic
general fuzzy automaton of F* of order n and | Q| = n. Then F  is statewise irreducible
if and only if no two rows of QF : (uyuy ... u,) are identical.
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Proof: Let F : be statewise irreducible and two rows of QF " (uyuy ... u,) be

identical. Without loss of generality, assume that the first row and the second row be
identical. Then we have

100 ..0® 0" (uuy ... u)=[0 10 ... 0]® 0" (uyu ... u,).

By Theorem 2.9, gy~ ¢,. Since |Q | =n, then go# g, which is a contradiction
to the fact that F : is statewise irreducible. Conversely, let no two rows of QF " (uyuy
... u,) be identical and F . does not be statewise irreducible. Then there exist qi qj
€ Q suchthat g;~ gjand g;# g;. Thus we can conclude that the (i + 1)-th row and

the (j + 1)-th row of Q™" (uju, ... u,) are identical, which is a contradiction.

Definition 2.17: Let F : =(0, 2, 15, Z,w, S*, F,, F»,w) be a max-min deterministic
general fuzzy automaton of F “of order n,w=uus ... u, and O =1{qo, qi,...,qGn_1}-
Then F,, is called effective if qi= q;,for some i #j, then g;~ g;.

Example 2.18: In F ; introduced in Example 2.2, we have qo= {qo}, 91 =1{q1,
q4}, and

]

By Theorem 2.9, since 0.4 # 0.8, then ¢ is not equivalent with ¢g;, and since g
#q1,80 F 5 is effective.

Definition 2.19: Let F : =(0,%, I~€, Z,w, S , Fy, F», w) be amax-min deterministic
general fuzzy automaton of F * of order n and 0=1{q90, q1>---» gn_1}. Then F . s

called statewise minimal if there is not an ﬁ*n' such that F :’ =(0, %, 15, Z,w, 5*, Fi,
F>, w") be a max-min effective deterministic general fuzzy automaton of F"of order
n, F. be statewise equivalent to . and |01] < | O, where Q1 ={(q0)’, (q1), ...,
(gn-1)'}-

Theorem 2.20: Let F : =(0,%, I~€, Z,w, 8*, F\, F>, w) be amax-min deterministic

general fuzzy automaton of F~ of order n, O = {qo, q1, ... » gu_1}, |O| =1 and
w=upus ... u, If F : is statewise irreducible, then it is statewise minimal.
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Proof: Suppose that F is not statewise minimal. Then there exists an F,’ » such
that F = (0,2, R Z, w, 8 Fi, Fp,w ) is a max-min effective deterministic general
fuzzy automaton of F" of order n, F, is statewise equivalent to F, and 01| < n,
where w' = uubus ... u), and Q1 ={(q0)’, (q1)', ..., (gn-1)"}. By Theorem 2.12, since
F : ~F :’ , then

PO (wua ... u)) = p(QF" (it ... ).
On the other hand, since | Q4| < n, then there exist (g;)’, (g) € 0, such that (g,)’ =

(gj)'. Since F," is effective, then (g1)' ~(q;)'. So two rows of QF: “whu ... ul) are

identical. Since

P(QF: (uiuy ... uy)) = p(QF: iy .. uly)),

then two rows of QF: (uquy ... u,) are identical. So by Theorem 2.16, }7“: is not
statewise irreducible.

Theorem 2.21: Let F, = (Q, %, R, Z,w, 8", Fy, F»,w) be a max-min deterministic
general fuzzy automaton of F~ of order n and Q = {qo, q1, ... , gn.1}. Then F, is

compositewise irreducible if and only if p( QF " (uly ... u,)) is a set of vertices of

Cp(QF" (uyuz ... uy))).

Proof: Let F : be compositewise irreducible and p( QF g (uyuy ... u,)) does not be
a set of vertices of C(p(QF: (uyuy ... uy,))). Then one row of QF: (uuy ... u,) is a

convex max-min combination of the other rows of QF " (uiuy ... u,). Suppose that,
n

this row be the first row. Thus a; :\/ (c; Na;), where0<¢;<1and QFZ'Z ity ... uy)
i=2
=[a;],.x1- So we have

[100..0]® QF: (uuy .. ) =10 ¢z ¢3...¢,] ® QF: (uyly ... uy).
Now, we define the active state distribution 1 of F : by n(g;) = ci41 forevery i =0,
I, ..., n—1, where ¢; = 0. By Theorem 2.9, gy, ~ n. Since n(gp) = 0, we get a
contradiction to the fact that F o is compositewise irreducible.
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Conversely, let p( QF: (uquy ... u,)) be aset of vertices of C(p( QF: (uyuy ... uy,)))
and F , does not be compositewise irreducible. Then there exist ¢; € O and an active
state distribution n of F' » such that g; ~ 1 and n(g;) = 0. By Theorem 2.9, we have

[0..010..0®0" (uus ... u,)

= (@) (@) - 1@ -G, )] ® 07 (i ... wy),
where 1 is the (i + 1)-th column of the matrix [0 ... 0 1 O ... O].

Then a;,; € C(p(QF: (uyuy ... uy))\{a;41}), which is a contradiction to
Theorem 1.8.

Definition 2.22: Let : =(0, 2, I~€, Z,w, S*, F\, F», w) be a max-min deterministic
general fuzzy automaton of F" of order n and Q ={q0, q1, --- » qu-1}- Then F, n 1S
called compositewise minimal if there is not an F such that F = =(0,Z, R Z,w, 8
Fi,Fp,w ) be a max-min effective deterministic general fuzzy automaton of F"of
order n, F be compositewise equivalent to F and | Q| < |Q|, where 0, = {(q0)’,

(q1)'s -5 (g1}

Theorem 2.23: Let F : =(0,%, F, Z,w, 5*, F\, F>, w) be amax-min deterministic
general fuzzy automaton of F~ of order n, O = {qo, q1s ..., g1}, |0 =n, |p( o
(uguy ... )| =nandw=ujupus ... u,. If F : is compositewise irreducible, then it is

compositewise minimal.

Proof: Suppose that F is not compositewise minimal. Then there exists an F !
such that F =(0, %, R Z, w, 8 Fi,Fo,w ) is a max-min effective deterministic
general fuzzy automaton of F" of order n, F,, » 1s compositewise equivalent to F !
and | Qy| <n, where w' = u'juu's . .. ul, and Ql ={(q0)’, (q1)', ..., (gn1)'}. By Corollary
2.14, since F: = F:’ , then F: = F:’ By Theorem 2.12 (iii), since F: ~ F:’, then

C(P(Q™ (utty ... ) = CP(QT (it .. ).
On the other hand, since | Q)| < n, then there exist (¢;)', (¢)' € Q) such that (g;)'=
(gy)'- Since F," is effective, then (g)'~ (g))'. So two rows of QF:, (uhub ... u'),) are

identical. Thus we get that

P((QF " (it ... )| < n = [p(QF (s ... wy))|.
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By Theorems 1.11 and 1.12, there exists x € p(QF: (uyuy ... u,)) such that

x € C(p( QF: (uuy ... uy)) \{x}).
Therefore, by Theorem 1.8, p( QF g (uyuy ... u,)) is not a set of vertices of
Cp(Q™" (it .. ).
Consequently, by Theorem 2.21, F » is not compositewise irreducible.

Theorem 2.24: Let F, = (Q, %, R, Z,w, 8", Fy, F»,w) be a max-min deterministic
general fuzzy automaton of F of order n and Q = {qo, g1, ... » Gu1). Then F,, is

distributionwise irreducible if and only if p( QF g (u1uy ... uy,)) is abasis of C(p( QF g

(uyuy ... u,))).

Proof: Let F : be distributionwise irreducible and p( QF g (uyuy ... u,)) does not

be a basis of C(p( QF: (uyuy ... uy,))). Then there exists x € C(p(QF: (Ui ... uy)))
such that x = \/ (c; Na;)= \/ (d; A a,), where a; € p(QF" (uyuy ... uy)), 0<¢;<1,0
<d; <1 and fol?some I,ci# lczl Thus we have

[c1 ¢ ¢35 ... ¢,]I® QF: (uy ... uy)=[d, dy ds...d,| ® QF: (ugity ... uy).

Now, we define two active state distributions 77; and 1, of F : by M1(gi) = ci+1, M2(q))
=d; foreveryi=0,1, ...,n—1. By Theorem 2.9, n; ~ n5. Since n; # 1y, we geta
contradiction to the fact that F : is distributionwise irreducible.

Conversely, let p( QF: (u1uy ... uy)) be a basis of C(p( QF: (uyuy ... u,))) and I:“:
does not be distributionwise irreducible. Then there exist two active state distributions
N and n; of F,, such that N1 # N2, # N2. By Theorem 2.9, we have

M1(G0) M(G1) .. Ni(Gu)] ® OF" (wyuy ... 1)
= [M2(G0) M2(G1) - M2 Gu)] ® OF" (wyuy ... ).

Then x = \/(M1(gi-1) A @) = \/ (Nz(g;-1) N a;) , Where a; € p(O™" (i ... uy).
i=1 i=1

Thus x € C(p( QF : (uius ... uy,))), which is a contradiction to Definition 1.9.
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