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Abstract: The residue number system (RNS) is a carry-free number system which can support high-speed and parallel
arithmetic. Two major issues in efficient design of RNS systems are the moduli set selection and the residue to binary
conversion. In this paper, we present two efficient residue to binary converters for the new three-moduli set {2", 2™ + 1,
2™1-1}. Thismoduli set consistsof pairwise relatively prime and balanced moduli, which can offer fast internal RNSprocessing
and efficient implemenatation of the residue to binary converter. The proposed residue to binary converters are memoryless
and consist of adders. In comparison with other residue to binary converters for a three-moduli set, the proposed converters

have better area-time complexity.
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1. INTRODUCTION

Theresiduenumber system (RNS) isa non-weighted number
system which speeds up arithmetic operations by dividing
them into smaller parallel operations. Since the arithmetic
operationsin each moduli areindependent of theothers, there
is no carry propagation among them and so RNS leads to
carry-free addition, multiplication and borrow-free
subtraction [1]. RNSisone of the most effective techniques
for reducing the power dissipation in VLS| systems design
[2]. Also RNS can beefficiently realized in multiple-valued
logic (MVL) [3, 4]. Someapplications of theRNS are digital
signal processing (DSP) [5, 6], the RSA encoding algorithm
[7] and digital communication [8]. The architecture of the
RNS s naturally fault tolerant and consequently, it isused
for error detection, error correction and fault tolerance[9,10].
The complexity aswell asthe efficiency of residueto binary
converter is primarily based on the proper selection of the
moduli set and the conversion algorithm. Many different
moduli sets have been suggested. Among these, three-
moduli sets have been extensively investigated, such as
{2r -1, 20, 20 + 1} [11,12], {2", 2" -1, 2" -1} [13,14],
{20, 20 -1, 2™1 -1} [15], {2*" + 1, 2"+ 1, 2"— 1} [16] and
{20, 22n—1, 2>+ 1} [17]. Thealgorithmsof residueto binary
conversion are mainly based on Chineseremainder theorem
(CRT) [1], mixed-radix conversion (MRC) [1] and new
Chinese remai nder theorems (New CRTs) [18]. In addition
to these, novel conversion algorithms [19] which are
designed for some special moduli sets have been proposed.

Among these, New CRTs algorithms have simple
computationswhich can beefficiently realized in hardware.

In this paper, firstly we proposed the new three-moduli
set {20, 2™+ 1, 2™ —1}. Thismoduli set contains balanced
and well-formed moduli which can result in efficient
implementation of theresidueto binary converter. Then, we
present two efficient designs of the residue to binary
converter for thesethree-moduli set based on New CRT. The
proposed converters have better performance, compared to
the other residueto binary convertersfor athree-moduli set
with similar dynamic range, where the dynamic range is
defined in terms of product of the moduli.

The rest of paper is organized asfollows. In section 2
we introduce the necessary background. The residue to
binary convertersispresented in section 3. Section 4 makes
comparisons and section 5isconclusion.

2. BACKGROUND

A residue number sytem isdefined in terms of arel atively-
prime moduli set {P, P,, ..., P} thatisgcd (P, Pj)=1 for
i #j. A weighted binary number X can be represented as
X= (X, X005 X ), Where

xi=Xm0dF}=|X|Pi, 0<x <P 1

Such arepresentation isuniquefor any integer Xin the
range [0, M-1], whereM=P P,...P_isthedynamic range of
the moduli set {P,, P2... Pn} [11]. Addition, subtraction
and multiplication on residues can be performed in paralle
without carry propagation. Hence, by converting the
arithmetic of large numbersto a s& of the paralldl arithmetic
of smaller numbers, RNS representati on yields significant
speed up. Binary to residue conversion [20] is very smple
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and can be implemented with modular adders. When binary
to residue conversion of the needed operands had finished,
arithmetic operations on RNS numbers are performed in
parallel without carry-propagation between residue digits.
Hence, RNS leads to carry-free, parallel and high-speed
arithmetic. It should be noted that each modul o of the moduli
set hasits own arithmetic processor which is consists of a
modul o adder, amodul o subtractor and amodulo multiplier.
In order to usethe result of arithmetic operationsin outside
of RNS, the resulted RNS number must be converted into
its equivalent weighted binary number. The algorithms of
residue to binary conversion are mainly based on CRT, MRC
and New CRTs.
By CRT, the number X is calcul ated from residues by

X = ‘il‘xiNi‘P. Mi‘ )
i= i M

Where M, =M/P and N; =|M;" |, is the multiplicative
inverse of Mi modulo P,. Using the MRC, the number X can
be computed by the equation

X:an_lj[lPi +..+aRR +a,R+a (3

where as are called the mixed-radix coefficients and they
can be obtained from the residues by

]
)

P

ap = n-1

1
N o I I T

n

(4)

Wheren>1and a = x,. The MRC is a sequential approach
and CRT requires large modulo operations which is not
suitable for efficient hardware implementation. By New
CRT-1 [21], the number X is calculated by

P

Ky (Xo = %) + KoPo (X5 = X) ++

X=x+P
+Kna PPy Pyoa (X — %) P,P,--P, )
Where
‘kl X Pl‘ PP, 1
‘kZ x BL X F)Z‘ps...prI =1
‘knilelx P, x---x Pnfl‘Pn =1 (6)

For athree-moduli set {P,, P,, P.}, the number X can
be converted from its residue representation (x,, X,, X,) by
New CRT-I asfollow

X =X + Pk (%o = %) + Ko Py (Xg _Xz)‘pz% )
Where
b <P, =1 ©
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k2><Pl><P2|P3=1 9)

3. RESIDUE TO BINARY CONVERTER

In this section, New CRT-I is applied to derive an efficient
residueto binary conversion algorithm for the new moduli-
set{2n, 2™ + 1, 2m1-1}. Firgt, we must provethat this moduli
set includes pairwiserdatively prime numbers.

Theorem1: Thenumbers2, 2™ + 1, 2™1— 1 are pairwise
relatively prime.

Proof: Baesd on Euclid’s Theorem, we have

gcd(a,b)=gcd(b,a mod b) (10)
where gcd(a,b) denotes the greatest common divisor of a
and b. So we have,

ged (27141, 21 —1)=ged (21 -1, 2) = 1 (12)
ged (2711, 27)= ged (27, —1)=1 (12)
ged (27141, 27)= ged (2, 1)=1 (13)

sinceall the greatest common divisorsare equal to 1, these
three numbers are pairwiserelatively prime.

Proposition 1: The multiplicative inverse of 2"modulo
(22n+2 _1) iS k1: 2n+2_

Proof: by substituting valuesin (8), we have

n+2 n
"% 2

(2n+1+1)(2n+171) -

1

k2"

2n+2
\2

22042 4

(14)

22N+2_4 T

Proposition 2: The multiplicativeinverse of 2Mx(2"1+1)
modulo (2% -1) isk,= 2.

Proof: Since |2"*" +1‘2”*1—1 =2, by substituting val ues
in (9), wehave
lky x 2" (2" + ) g
_ o+l n n+1
27 x2 ' x(27+) M (15)
1
—[x2" %2 =2, =1

Theorem 2: In the RNS defined by the three-moduli set
{20, 2™1 + 1, 2m1—1}, theweighted binary number X can be
calculated from its corresponding residues (x,, X,, X,) by

X = % +2"2™2 (%, — xg) + 2™ (2™ 4 1) (x5 — X,)

(16)

Proof: By letting P,=2", P,=2"" +1, P, =2"! -1 and the
values of k , k, from Propositions 1 and 2 into (7), we have

22n+271

X =% +2" 22 (%, — x,) + 2" (2™ 1 1) (%5 - X,)

22n+2 =

Example: Given the moduli set {2, 2™t +1, 2™1 -1}
where n = 3, the residue number (x,, X,, X,) = (2, 5, 7) is
converted into its equival ent weighted number as follows,
by substituting the residuesand n = 3 into (16), we have
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X = 2+832(3) +16(17)(2)| o, =1042

By using the following properties, Theorem 2 is
simplified to reducethe hardware complexity.

Property 1: Modulo (2°-1) multiplication of a residue
number by 2% where p and k are positive integers, is
equivalent tok bit circular left shifting [22].

Property 2: Modulo (2°-1) of a negative number is
accomplished by subtracting this number from (2°—1). This
isequivalent totaking the one's complement of the number
[22].

Suppose that the residues x,, X, and x, have binary
representation asfollow

X1 = (XynaXin-2 * %11 %10) (17)
Xo = (Xoni1Xon =" X21%2,0) (18)
X3 = (XgnXgn-1""" X31%3,0) (19)
Equation (16) can berewritten as
X = x +2"Y (20)
Where
Y = |Vl + V2 + V3 22n+271 (21)
n+2
Vl = ‘_ 2 ’ Xl 22n+271 (22)
v, = ‘(2n+2 _on+l _ 22n+2)X2 — 23)
Vg = ‘(22n+2 + 2n+1)X3 — (24)
With respect to the Properties 1 and 2, we have
_|_om2 — =
Vl - ‘ 2 Xl 22m2_4 (Xl'n71 - Xl'lXLOOTJ:ZQO/) —
- (29

= )_(ln—l .. )_(l,l)_(l,Oln 11
[N A

M n+2

Since 2m2-2m1=2m1 equation (23) can be rewritten as

_ n+l 2n+2 _
Vp = ‘(2 —2777)%, gz g ‘VZI TVoa|yema (26)
where
v, = 2" x =12™H0-+-00%, .{ Xy (X, o)
2= 2| o2 4 = 2041 X21%2,0
—
n
n+2 22n+271
(27)
=Xpp  Xp1X500--00%; g
%/—/
n+l n
_ 2n+2 _
V22 - ‘_ 2 X2 2n+2 - |_ X2 22n+271
220+2_g
=1---11% 1 - X21X00 (28)
[N —

n
n+2
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And v, is calculated by

Vg = ‘(22n+2 + 2n+l)x3 2n+l(2n+l +1)X3

22n+2_q = 22n+2_yg

n+l
=[2"(Xgn - X31X30 X0+ X31X3,0)

n+l n+l

(29)

o242 g

=Xgn " X31%30 %30 X31%30

n+l n+l

Since both least significant (n+2) bitsof v, in (25) and
most significant nbitsof v,, in (28) are 1's, we can use the
following vectorsinstead of v, and v,,

R - - - - =
V1 =Xn1 %1%0%2 041 X21 %20

n n+2 (30)
Vo, =1.--11...11 (31)
n n+2
we know that,
’ 2n+2
V22 222 g T 1%,4 = ‘2 " _1~22n+271 =0 (32)
2n+2 [g2n+2_4

So, Yin (21) can be calcul ated by

Y =|Vi+Vy +Vs

(33)

Hardware implementation of the proposed residue to
binary convertersfor the moduli set {2", 2™ +1, 2™1-1} are
based on (20) and (30) and consist of one (2n+2)-bit carry
save adder (CSA) with end around carry (EAC) and a
modulo (22*2-1) adder. Modulo (22™2-1) adder can be
implemented with different methods. By using a (2n+2)-bit
one's complement adder for performing modulo (222-1)
addition, we obtain a cost-efficient (CE) converter. On€e's
complement adder is a carry propagate adder (CPA) with
EAC. Instead of using a one’'s complement adder, we can
usethemethod of [23]. In thismethod, two (2n+2)-bit regul ar
CPA’sarework in parallel, onewith azero carry-in and the
other with aonecarry-in. Thecorrect result isselected by a
multiplexer (MUX) based on the carry-out of the adder with
zero carry-in. In thiscase, we obtain a speed-efficient (SE)
converter. It should benoted that, Sncex, isan n-bit number,
no computational hardware is needed to compute x +2"Y'in
(20). Thedesired result istheresult of concatenating x, with
Y. The proposed implementations of the residue to binary
converter areshownin Fig. 1, 2.

22n+2 1

4. COMPARISONS

In thissection, we eval uate the performance of the proposed
residue to binary convertersin terms of hardware cost and
conversion delay. In (33), the three operands are added using
a (2n+2)-bit CSA with EAC and a modulo (22™2-1) adder.
Calculation of (27), (29) and (30) rely on simply
manipul ating the routing of the bits of theresiduesand only
(2n+2) inverter areused for perfoming theinversionsof (30).
Since (27) has n bits of 0's, n of the full adders (FA’s) in
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Vi Vo1 V3

b4

(2n+2)-bit CSA with EAC

v v

(2n+2)-bit one's complement adder

Yl lxl
2"Y + %

——
X

Figure 1. The Proposed Cost-efficient Residue to Binary Converter

!
Vi Vo1 V3

S

(2n+2)-bit CSA with EAC

ll—v

(2n+2)-bit CPA1 (2n+2)-bit CPA2

! ;

0 MUX 1

I

2"Y + x4
X

3

Figure 2: The Proposed Speed-efficient Residue to Binary
Converter
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CSA arereduced to half adders (HA's). Hence, the CSA with
EAC isconsists of (n+2) FA'sand n HA's. The (2n+2)-bit
one'scomplement adder has complexity of (2n+2) FA’'sand
the delay of (4n+4)t_,, where t_, denotes the delay of one
FA. Therefore, the total cost of the proposed cost-efficient
residueto binary converter is n+2+2n+2=(3n+4) FA’'sand n
HA's. The delay of a CSA isthe same asthat of an FA. So,
the proposed cost-€efficient converter has a total delay of
1+4n+4=(4n+5)t . The proposed speed-€efficient resdueto
binary converter used two (2n+2)-bit CPA that work in
parallel. Therefore, the total cost of this converter is
n+2+4n+4=(5n+6) FA'sand n HA's. Also it hasthe delay of
1+2n+2=(2n+3)t .

To verify the performance of the proposed converters,
they have to be compared with other residue to binary
convertersfor athree-moduli set with similar dynamic range.
The closest three-moduli set to the proposed moduli set is
the moduli set {2, 2" —1,2™1 —1}. Three residue to binary
converters for this moduli set have been presented in [15].
Thefirst oneis based on MRC and the second is based on
CRT, both are adder based. But the third converter uses
ROM. Table 1 shows the hardware requirements and
conversion delays of these converters and al so the proposed
converters.

Itisclear from Table 1 that the proposed speed-efficient
converter is faster than all the converters of [15] while it
requireslesshardwarethan the converters[15]-Cll and [15]-
ClIl. Also the proposed cost-€fficient converter utilizes lower
hardware than the converters of [15] and also it is faster
than the converter [15]-ClI. It should be noted that for a same
valueof n, the proposed residueto binary converters support
larger dynamic range than theresidueto binary converters
of [15].

5. CONCLUSIONS

In thiswork, weintroduced anew three-moduli set for RNS
which can resultsin efficient residue to binary conversion.
Also efficient residueto binary convertersfor the proposed
moduli set based on New CRT-I is presented. Comparison
with other residue to binary converters shown that the
proposed converters have better performance.

Table 1

Har dware Requirements and Conversion Delays of the Residue to Binary Converters
Converter [15]-CI [15]-ClI [15] -CliI Proposed-CE Proposed-SE
FA 4n+3 14n+21 12n+19 3n+4 5n+6
HA - 2n+3 2n+2 n n
OR/NOT n - - 2n+2 2n+2
XNOR n - - - -
Multiplexer - 1 1 - 1
ROM - - 1 - -
Delay (6n+5)t @+, +t, . @+, + t, . (4n+5)t, (2ne3)t, + L,
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