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1. INTRODUCTION

Y. Imai and K. Iseki introduced two classes of abstract algebras : BCKalgebras and
BCl-algebras ([4, 5]). It is known that the class of BCK-algebra is a proper subclass
of the class of BCI-algebra. Jun [6] defined a doubt fuzzy subalgebra, doubt fuzzy
ideal and doubt fuzzy prime ideal in BCI-algebra. In this note, we define an antifuzzy
normal closed b-ideal and normal b-ideal and consider the antifuzzification of
(normal) b-ideals in BCI-algebras and investigate some related properties. We give
a characterization of an antifuzzy normal closed b-ideal.

2. PRELIMINARIES

We recall that a fuzzy subset p of a set X is a function p from X into [0, 1]. Let Im(u)
denote the image set of u. We will write a A b for min{a, b}, and a v b for max
{a, b}, where a and b are any real numbers. Given a fuzzy setpand ¢ € [0, 1] we define

L(u, 1) = {x € X| u(x) <t}, which is called lower level cut of . Let (X, *, 0) be an
algebraic structure. We call it a BCI-algebra when it satisfies the conditions for any
X, ¥, 2 € X,

(D) (x#y)x(xxz)<z*y,

(2) xx(xxy)<y,

61



Alireza Gilani & B.N.Waphare

3) xxx=0,
4) ifxxy=y+xx=0thenx=y.

The relation “<” is defined as follows: x <y <> x % y = 0. It is easy to show that
(X, <) is a partially ordered set and the following proposition holds.

(@) x*0=x,

(®) 0x(xxy)=(0=xx) (0=xy),

(€ (xxy)x z=(x*2)=*Y,

(d) x<yimpliesx *xz<y=xzand z % x <z * y.

Definition 2.1: Any subset / of X is called closed b-ideal if
1) Oxxel forallx e X

(i) x,y € Iimplies x * (0 «y) € L.

Definition 2.2: A non-empty subset N of BCI-algebra X is said to be normal if
(x xa)*(y*b) e Nwheneverxxy e Nanda = b € N.

Definition 2.3: A fuzzy set pin X is called antifuzzy subalgebra of X if it satisfies
the inequality: p(x * y) < max{p(x), u(y)} for all x, y € X.

Example 2.4: Let X = {0, a, b, ¢, d, e} be a set with the following table

*

X QO Q9 O

R Q0 Q8 oOoO|lo
QU O O Q™
Q O & 6 8 Qo X
SO " Q Q0 aa

O " QL Q O T
ST Q O N QOO

Then (X, =, 0) is a BCI-algebra. Define p: X — [0, 1] by

H(0) =u(c) =0.1<0.5 =p(x) forall x € X\O0, c}. Then u is an antifuzzy subalgebra
of X.
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3. MAIN RESULTS

Proposition 3.1: Every antifuzzy subalgebra p satisfies the inequality

u(0) < u(x), for all x < X.
Proof: Since x « x =0 for all x € X, we have

1(0) = p(x # x) < max p(x), ux)} = p(x).
For any elements x, y of X, let us write []x * y for x = (- - ** (x % (x % y))), where x

occurs #n times.

Proposition 3.2: Let a fuzzy set pin X be an antifuzzy subalgebra and let n € IV,
then

(1) u(ITx = x) <p(x), whenever n is odd.

(ii) u(ITx * x) = u(x), whenever n is even.

forall x, y € X.
Proof: Let x € X and assume that n is odd. Then n = 2k — 1 for some positive

2k-1
integer k. Observe that p(x * x) = p(0) < u(x). Suppose that pu( I x * x) < p(x) for

positive integer k. Then

2(k+1)-1 2k+1 2k-1 2k-1
u[ H x*xj :“LH x*xj ZMEH x*x(x*x))J = M[Hx*xj < u(x)

which proves (i). Similarly we obtain the second part.
Definition 3.3: A fuzzy set p in X is called antifuzzy closed b-ideal of X if,
@) 0 = x) < px),
(1) p(x s (0 y)) < max{u(x), p(y)},

forall x, y € X.

Definition 3.4: A fuzzy set pin X is said to be antifuzzy normal if it satisfies the
inequality

u((x * a) = (y = b)) <max{p(x = y), u(a = b)}.
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Example 3.5: If we define a fuzzy set u: X — [0, 1] by

p(0) = w(a) = w(b) = 0.1 and p(c) = W(d) = w(e) = 0.4 in Example 2.4, then p is an
antifuzzy normal set in X.

Example 3.6: Let X = {0, a, b, ¢} be a set with the following table.

*

0 a b c
010 ¢ b a
ala 0 ¢ b
b|b a 0 c
clc b a 0

Then (X, *, 0) is a BClI-algebra. If we define u: X — [0, 1] by

u(0) < wb) < wa) = p(c), then p is an antifuzzy normal set in X. Moreover, if we
define V : X — [0, 1] by v(0) = v(b) < v(a) = v(c), then v is also an antifuzzy normal
setin X.

Theorem 3.7: Every antifuzzy normal set uin X is an antifuzzy subalgebra of X.

Proof: u(x +y) = p((x #x) # (0 x0)) <max{p(x +0), u(y »0)} = max{u(x), u(y)},
then p(x * y) < max{p(x), w(y)}. Hence p is an antifuzzy subalgebra of X.

Remark: The converse of Theorem 3.7 is not true. For example, an antifuzzy
subalgebra p in Example 2.4 is not an antifuzzy normal since

H((b = e) (dx*a)) =wbd)>p(c) =max{ud = d), p(e x a)}.
Definition 3.8: A fuzzy set p in X is called an antifuzzy normal closed b-ideal if
it is an antifuzzy closed b-ideal which is antifuzzy normal.

Example 3.9: The fuzzy set discussed in Example 3.5 and 3.6 are indeed an
antifuzzy normal closed b-ideal.

Proposition 3.10: If a fuzzy set pin X is an antifuzzy normal closed b-ideal then
ux *y)=u(y = x) forall x, y € X.

Proof: Let x, y € X. Then
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O ) = (e y) (o x)) < max{u(x s x), p(y = x)} = p(y = x).
Interchanging x with y, we obtain p(y * x) < u(x = y), which proves the Proposition.

Theorem 3.11: Let p be an antifuzzy normal closed b-ideal. Then the set X, =
{x € | W(x) = (0} is a normal closed b-ideal of X.

Proof: It is sufficient to show that XH is antifuzzy normal. let a, b, x, y € X be
such that x x y € X, and a x b € X Then p(x * y) = w(0) = p(a = b). Since p is
antifuzzy normal it follows that

u((x * a)(y = b)) < max{u(x = y), wa = b)} = w(0). Applying Proposition 3.10, we
conclude that p((x * a)(y = b)) = u(0), which shows that (x = a)(y = b) € XH. This
completes the proof.

Theorem 3.12: The intersection of any antifuzzy normal closed b-ideal is also
an antifuzzy normal closed b-ideal.

Proof: Let {u_ | o € Q} be a family of antifuzzy normal closed b-ideals and let
x,y,a,b e X. Then

() ma)Cxx @) (y b)) = inf g ((x @)= (y+b))

aeQ)

< ingfzmax{ua(x* V), (axb)}
oe.
max{inf p, (x=*y),inf p,(a*b)}
aeQ) ae)

max{([ ] pe)(x# ¥),([) He)(@xb)}

aeQ) aeQ)

which shows that () u is an antifuzzy normal set in X, using Theorem 3.7, we
aeQ)

conclude that () p_is an antifuzzy normal closed b-ideal.
aeQ)

The union of any set of antifuzzy normal closed b-ideals need not be antifuzzy
normal b-ideal. For example if we define a fuzzy set

d:X—1[0,1]by 6(0)=5(d)=0,1<0.3=05(a)=3(b)=0(c)=06(e) in Example 2.4,
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then it is also an antifuzzy closed b-ideal. Since (u U & )(¢ * d) = 0.3 and max{(u U
d)(c), (WU d)d)} =0.1, uU 8 is not an antifuzzy closed b-ideals.

4. ANTIFUZZY NORMAL CLOSED b-IDEALS

Theorem 4.1: Let A be a non-empty subset of X and let p, be a fuzzy set

a ifxeA,

() = {

B otherwise,

forall x e Xand a, B € [0, 1] with o> B. Then y, is an antifuzzy normal closed b-
ideal if and only if A is a normal subalgebra of X. Moreover, in this case Xu, = A.

Proof: Assume that p | is an antifuzzy normal closed b-ideal. Leta, b, x, y € Xbe
suchthat x * y € Aand a « b € A. Then

(G = a) (v = b)) <max{u,(x=y),mwa=b)}=a
and so p, ((x * a) = (y * b)) = o, which shows that (x + a) (y x b) € A. Hence A is a
normal subalgebra of X.

Conversely, suppose that A is a normal subalgerba of X and let
a,b,x,y X.Ifx+yeAanda + b € A, then (x = a) (y=*b) € A and so p,((x * a)

(y# D)) o= =max{p, (x*y),n(axb)}.lfx+y¢Aanda* b ¢ A, then clearly

w,((x # a) * (y * b)) < B =max{p,(x *y), u(ax*b)}.
This shows that p, is an antifuzzy normal set. It follows from Theorem 3.7 that p, is
an antifuzzy normal closed b-ideal. Moreover, using Theorem 3.11, we have

X, ={xeXu®=p0)}={xeX|px=a}=A.
This completes the proof.
Theorem 4.2: Let p be a fuzzy set in X. Then p is an antifuzzy normal closed

b-ideal if and only if the set L(i, o) = {x € X| u(x) a }, is a normal subalgebra of X
for all a € [0, 1], where L(p, o) # ¢.

Proof: Let p be an antifuzzy normal closed b-ideal and assume that

L(u, o) = ¢ forall a € [0, 1]. Leta, b, x,y € X be such that x x y € L(u,a) and a = b
€ L(u, a). Then

u((x x a) (v b)) <max{pu(x *y), Wa*b)} <a
and thus (x % a) (y % b) € L(u, o). Hence L(p, o) is a normal subalgebra of X.
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Conversely, suppose that L(n, o) # ¢ is a normal subalgebra of X for every
a € [0, 1]. Using Theorem 3.7, it is sufficient to show that p is an antifuzzy normal

setin X. If there are a, b, X, y, € X such that

Then by taking

1
oty = = (08 @) (3 By)) + max{pu(x, ), wa, * by}l

we have

It follows x, = y, € L(1, o)) and a * b, € L(u, o), but (x, = a )(y, * b)) & L(u, o), a
contradiction. Hence p is an antifuzzy normal, which proves the theorem.

Theorem 4.3: Let p be an antifuzzy normal closed b-ideal with Im(u) = {a. |
i € Q} where (2 is an arbitrary index set. Then

() there exists a unique 7, € 2 such that o < o, forall i € Q,

(i) X,= Ly, a)=Lp, a,),
ieQ

(i) X= 1 L(u, o).
ieQ
Proof: (i) Since u(0) € Im(u), there exists a unique z, € w such that u(0) = o, - It

follows from Proposition 3.1, that u(0) = o < u(x), for all x € X so that o <o, for
alli e Q.

(i1)) We have
L(n, o) ={x € X|u(x) <o, }
=xe X =a,)
= {x & X|u(v) = p(0)} =X,
Since o < o for all i € Q. It follows L(p, aio) = L(u, o), for all i € Q. Hence L(u,

o) S M L(y, o) and so L(y, o,)= M L(u, o) because L, € Q.
ieQ ieQ

(iii) Clearly () L(u, a.) = X. For every x € X there exists i(x) €Q such that p(x)
ieQ

= o (x). This implies x € L(u, o.(x)) < [ L(, o), which proves (iii).
ieQ
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Theorem 4.4: Let pu be an antifuzzy normal closed b-ideal and A ={L(u,c.)|i € Q}
where (2 is an arbitrary index set. Then A contains all lower level cuts of p if and
only if p attains its supremum on all normal subalgebra of X.

Proof: Suppose A contains all lower level cuts of p and let A be a normal b-ideal
of X. If pu is constant on A, then we are done. Assume p is not constant on A.
We distinguish the following two cases : (1) A = X and (2) A c X. For the case (1),
we let B =supf{ai |ia € Q}. Then o, < and so L(y, o) = L(u, B) for i € Q. Note
that X = L(p, 1) € A because A contains all lower level cuts of p. Hence, there exists
Jj € Q such that oj € Im(u) and L(p, ocj) = X. It follows that X = L(p, ocj) < L(u,B) so
that L(w,B) = L(y, o) = X because every lower level cut of p is normal b-ideal of X.
Now it is sufficient to show that = 3 = Q. If a, < B, then there exist k € Q such that
ok € Im(p) and o <o, <B. This implies that X = L(, ocj) < L(y, o), a contradiction.
Therefore, 3 = Q. If the case (2) holds, consider the restriction yA of u to A. By
Theorem 4.1, p, is an antifuzzy normal closed b-ideal.

LetQ, ={i e Q|uy) =a,forsomeye A} and

A, ={L(u,,a)|ieQ, }. Noticing that A contains all lower level cuts of u,, we
conclude that there exists z €A such that p(z) = sup{p,(x) | x € A}, which implies
that p(z) = sup{p(x) | x € A}.

Conversely, assume that p attains its supremum on all normal b-ideal of X. Let
L(p, o) be alower level cut of p. If o= o, for some i € €, then clearly L(y, o) € A.
Assume that o # o, forall i € Q. Then there does not exist x € X such that u(x) = a.
LetA={xe X|pux)<a}. Leta,b,x,y € Xbesuchthatx xy e Aanda % b € A.
Then p(x * y) < o and p(a = b) < a. It follows that u((x = a) (v = b)) < p{ulx = y),
u(a = b)} <o Sothat (x xa) * (y « b) € A. This show that A is a normal b-ideal of X.
By hypothesis, there exists y € A such that u(y) = sup{u(x)|x € A}. Now u(y) €
Im(p) implies u(y) = o for some i € w. Hence we get sup{u(x) | x € A} = o.. Obviously,
a. <a, and so a. < a by assumption. Note that there does not exist z € X such that o,
< M(z) < o It follows that L(y, o) = L(u, o) € A. This concludes the proof.

Theorem 4.5: Let p be a fuzzy set in X with a finite image
Im(w) = {a, o, ..., o } where a, < o, whenever i > j. Let
{N |n=0,1, ..., k} be afamily of normal b-ideals of X such that

(i) NycN,c... cN =N,
(i1) },L(Nn):ocnwhereNn:Nn\Nm1 andN _ = ¢forn=0,1,...k

Then p is an antifuzzy normal closed b-ideal.
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Proof: According to Theorem 3.7, it is sufficient to show that p is an antifuzzy
normal setin X. Leta, b, x,y € X.If xxy € N anda = b € N _for every n, then (x * a)
(y # b) € N. Since N is a normal b-ideals of X. Hence

3 u((x * a) = (X* D)) <o =max{p(x x y), Wa * b)}.
Ifxxye N anda+xbe N where0<m<n<k,thenxxyeN andaxbeN cN .
It follows that (x + a) * (y + b) € N . Therefore, u((x * a) * (y * b)) <o, = p(x *y). Since
m<nimplies o, <o , we have p(a * b) = a, < a. . Consequently,

u((x * a) #(y * b)) <o = max{u(x * y), u(a % b)}. Similarly, for the case x x y € Nm
and a x b € N for 0 <m < n <k, proving the result.
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